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Introduction

In this chapter, we discuss inventory control in a stochastic setting.
We first introduce the Newsvendor problem, which is the simplest
possible stochastic inventory system that can be conceived. Then
we survey service level constraints and penalty cost schemes that
can be adopted for modelling stochastic inventory systems. Next,
we show how to model and simulate a stochastic inventory sys-
tem running costs. Equipped with these notions, we extend the
Newsvendor problem to a multi-period setting. Central to stochas-
tic inventory theory is the notion of control policy. A control policy
is a rule that establishes when inventory should be reviewed and
orders issued, and how large an order should be. The rest of this
chapter is devoted to presenting a range of control policies that are
commonly adopted in inventory control and that can be used to
control a number of well-known inventory systems.

• The Newsvendor p. 117

• Service level constraints in inventory systems p. 119

• Simulating stochastic inventory systems p. 120

• The multi-period Newsvendor p. 123

• The base-stock policy p. 125

• The modified base-stock policy p. 128

• The (s, S) policy p. 129

• The modified (s, S) policy p. 140

• Nervousness of control p. 141

• The (R, S) policy p. 142

• The (s, Q) policy p. 144

• The (R, Q) policy p. 146

• The (R, s, S) policy p. 149

Topics
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The Newsvendor

The name of this model derives from its analogy to the problem
faced by a newsvendor who purchases newspapers at the beginning
of the day before attempting to sell them in the street. Arrow42

42 Kenneth J. Arrow. Studies in the
mathematical theory of inventory and
production. Stanford Univ. Pr., 1977.

attributes the development of the Newsvendor model to Edge-
worth,43 who used the central limit theorem to determine the

43 Francis Y. Edgeworth. The mathemat-
ical theory of banking. Journal of the
Royal Statistical Society, 51(1):113–127,
1888.

optimal cash reserves to satisfy random withdrawals from deposi-
tors.

The Newsvendor is the simplest stochastic inventory problem
one may conceive. It concerns a single item type over a planning
horizon that comprises a single period. There is a single oppor-
tunity to order, at the beginning of the period, to meet a random
demand d that follows a known cumulative distribution function
(CDF) F, and that is observed after the order is received (Fig. 89).
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Fig. 89 The Newsvendor problem.

Items can be ordered at a purchasing cost c per unit; they are
sold at a selling price p per unit; and, if some items remain unsold
at the end of the day, their salvage value is s per unit. These pa-
rameters must satisfy s < c < p for the problem to make sense.

Purchasing cost c per unit
Selling price p per unit
Salvage value s per unit

Let Q denote the quantity ordered at the beginning of the period,

• the ordering cost is cQ;

• min(Q, d) units are sold at p per item; and

• max(Q− d, 0) units are salvaged at value s per item.

The profit function is

P(Q) , pE[min(Q, d)] + sE[max(Q− s, 0)]− cQ

where E denotes the expected value operator.
Observe that E[min(Q, d)] = E[d]− E[max(d−Q, 0)], then

P(Q) , p(E[d]− E[max(d−Q, 0)]) + sE[max(Q− d, 0)]− cQ
= (p− c)E[d]− pE[max(d−Q, 0)] + sE[max(Q− d, 0)]− cE[Q− d]
= (p− c)E[d]− (p− c)E[max(d−Q, 0)]− (c− s)E[max(Q− d, 0)]

since max(x, 0)−max(−x, 0) = x.
Term (p − c)E[d] is constant, therefore maximising P(Q) is

equivalent to minimising

C(Q) , (p− c)E[d−Q]+ + (c− s)E[Q− d]+ ≥ 0,

where [x]+ , max(x, 0).
In essence, if demand is less than Q, the decision maker faces a

so-called “overage” cost o , c− s per item. If demand exceeds Q,
she faces an opportunity cost equal to the missed profit u , p− c
per item, which we shall call “underage” cost.

Overage cost (o) c− s per unit
Underage cost (u) p− c per unit
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Consider a random variable ω with CDF F, and a scalar x.

Definition 19. E[ω− x]+ is the first order loss function.44 44 Roberto Rossi, S. Armagan Tarim,
Steven Prestwich, and Brahim Hnich.
Piecewise linear lower and upper
bounds for the standard normal first
order loss function. Applied Mathematics
and Computation, 231:489–502, 2014b.

Definition 20. E[x−ω]+ is the complementary first order loss function.

Lemma 35. E[ω− x]+ = E[x−ω]+ − (x− E[ω]).

Proof. See [Rossi et al., 2014b, Lemma 3].

As we will see, these two convex [Rossi et al., 2014b, Lemma 4]
functions play a key role in stochastic inventory control.

Lemma 36. C(Q) is convex.

Proof. The overage cost o and the underage cost u are positive; both
E[x− d]+ and E[d− x]+ are convex [Rossi et al., 2014b, Lemma 4];
and thus C(Q) is the sum of two convex functions (Fig. 90).

Fig. 90 The Newsvendor problem: the
cost function C(Q) and its components
uE[d−Q]+ and oE[Q− d]+.

Lemma 37. E[x−ω]+ =
∫ x
−∞ F(t)dt.

Proof. See [Rossi et al., 2014b, Lemma 2].

Lemma 38 (Critical fractile). Let Q∗ , min C(Q), then

Q∗ = F−1
(

u
o + u

)
,

where F−1 is the inverse cumulative distribution function of d. This is
known as the critical fractile solution.45 45 Kenneth J. Arrow, Theodore Harris,

and Jacob Marschak. Optimal inventory
policy. Econometrica, 19(3):250–272,
1951.

Proof. Rewrite

C(Q) = uE[d−Q]+ + oE[Q− d]+

= u(E[Q−ω]+ − (Q− E[ω])) + oE[Q− d]+

= (u + o)E[Q−ω]+ − u(Q− E[ω]).

We take the derivative of C(Q), and by applying Lemma 37, we
obtain C′(Q) = (u + o)F(Q) − u. Since C(Q) is convex (Lemma
39), to find its minimum we let C′(Q) = 0;46 and by inverting the 46 This is known as the “first order

condition.”cumulative distribution function F, we obtain the desired result.

If the random demand d is discrete, the global minimum can be
easily found by analysing the forward differences of C(Q).

instance = {"o" : 1, "u": 5, "mean" :
10, "std" : 2}

nb = Newsvendor(instance)
print("Q^*=" +

str(nb.crit_frac_solution()))
print("C(Q^*)=" +

str(nb.C(nb.crit_frac_solution())))
print(nb.optC())

Listing 68 A Newsvendor instance.

We next implement the Newsvendor in Python (Listing 68).

import scipy.integrate as integrate
from scipy.stats import norm
from scipy.optimize import minimize

class Newsvendor:
def __init__(self, instance):

self.mean, self.std, self.o, self.u = instance["mean"], instance["std"],
instance["o"], instance["u"]

def crit_frac_solution(self): # critical fractile
return norm.ppf(self.u/(self.o+self.u), loc=self.mean, scale=self.std)

def cfolf(self,Q): # complementary first order loss function
return integrate.quad(lambda x: norm.cdf(x, loc=self.mean, scale=self.std), 0,

Q)[0]

def C(self,Q): # C(Q)
return (self.o+self.u)*self.cfolf(Q)-self.u*(Q - self.mean)

def optC(self): # min C(Q)
return minimize(self.C, 0, method=’Nelder-Mead’)
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Service level constraints in inventory systems

In this section we survey the different types of service level con-
straints that are typically adopted in inventory control. While doing
so, we illustrate applications to the Newsvendor problem.

α service level (no stockout probability): this is defined
as the “probability of no stockout per order cycle.” In the case of
the Newsvendor problem, recall that the critical fractile solution is
defined as

Q∗ = F−1
(

u
o + u

)
.

But F−1 is the cumulative distribution of the demand, therefore if
we let α , u/(o + u), Q∗ becomes the order quantity that guarantees
a probability of no stockout per order cycle equal to α. Every choice
of u and o is therefore equivalent to a given α service level. Order
quantities ensuring an arbitrary α service level, can be obtained by
inverting the cumulative distribution of the demand (Fig. 91). 0.2

0.4

0.6

0.8

1.0

Q*

α 

F(x)

Fig. 91 Inverting the cumulative
distribution F(x) of the demand to
determine the order quantity Q∗ that
ensures a given α service level.

β service level (fill rate): this is defined as the “expected
fraction of demand that can be satisfied immediately from stock on
hand.” The order quantity Q∗ that ensures a given β service level
can be easily computed by leveraging the complementary first order
loss function

E[Q∗ −ω]+

E[ω]
= β.

class Newsvendor:
...
def critical_fractile(self):

return self.u/(self.o+self.u)

def alpha(self, Q):
return norm.cdf(Q,

loc=self.mean,
scale=self.std)

def beta(self, Q):
return self.cfolf(Q)/self.mean

Listing 69 Extending the Newsvendor
class with service levels.

In Listing 69 we extend the Newsvendor class with α and β

service levels, which are the most commonly used in practice.

γ service level (ready rate): this is defined as the “expected
fraction of time with positive stock on hand.” We shall illustrate
this service level for a Newsvendor problem subject to Poisson
demand. As discussed in our Appendix on Poisson processes, the
inter-arrival times between two Poisson arrivals originating from
a Poisson process with mean λ follow an exponential distribution
with mean λ−1 (and thus rate parameter λ). The sum of n exponen-
tially distributed random variables with rate parameter λ follows
an Erlang distribution with shape parameter n and rate parameter
λ, whose mean is n/λ. Let Q∗ = n, the ready rate can be computed
as γ = Q∗/λ — essentially the sum of n inter-arrival times whose
expected value is the sought ready rate 0 ≤ γ ≤ 1. Intuitively, λ is
the expected number of poisson arrivals per period, hence Q/λ is
the expected fraction of a period required to observe Q arrivals.

Shortage costs. Finally, recall that in general, there are three
possible strategies for charging stockout/backorder penalty cost
in inventory systems: we may charge a fixed or per unit cost once,
when one or more units of demand are not met; or we may charge
this cost per unit of demand short per time period, until an order
arrives and such unit of demand is served.

https://doi.org/10.11647/OBP.0252.07
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Simulating stochastic inventory systems

In this section, we illustrate how to modify our discrete simulation
framework (p. 39) to accommodate a stochastic demand.

First, it is necessary to slightly modify the DES engine as follows.

class EventWrapper():
def __init__(self, event):

self.event = event
def __lt__(self, other):

return self.event.priority < other.event.priority

class DES():
def __init__(self, end):

self.events, self.end, self.time = PriorityQueue() , end, 0

def start(self):
while True:

event = self.events.get()
self.time = event[0]
if self.time <= self.end: # this is now <=

event[1].event.end()
else:

break

def schedule(self, event: EventWrapper, time_lag: int):
self.events.put((self.time + time_lag, event))

We also implement penalty cost accounting in class Warehouse;

class Warehouse:
def __init__(self, inventory_level, fixed_ordering_cost, holding_cost,

penalty_cost):
self.i, self.K, self.h, self.p = inventory_level, fixed_ordering_cost,

holding_cost, penalty_cost
self.o = 0 # outstanding_orders
self.period_costs = defaultdict(int) # a dictionary recording period costs

def receive_order(self, Q, time):
self.review_inventory(time)
self.i, self.o = self.i + Q, self.o - Q
self.review_inventory(time)

def order(self, Q, time):
self.review_inventory(time)
self.period_costs[time] += self.K # incur ordering cost and store it
self.o += Q
self.review_inventory(time)

def on_hand_inventory(self):
return max(0,self.i)

def backorders(self):
return max(0,-self.i)

def issue(self, demand, time):
self.review_inventory(time)
self.i = self.i-demand

def inventory_position(self):
return self.o+self.i

def review_inventory(self, time):
try:

self.levels.append([time, self.i])
self.on_hand.append([time, self.on_hand_inventory()])
self.positions.append([time, self.inventory_position()])

except AttributeError:
self.levels, self.on_hand = [[0, self.i]], [[0, self.on_hand_inventory()]]
self.positions = [[0, self.inventory_position()]]

def incur_end_of_period_costs(self, time): # incur holding and penalty costs
self._incur_holding_cost(time)
self._incur_penalty_cost(time)

def _incur_holding_cost(self, time): # incur holding cost and store it
self.period_costs[time] += self.on_hand_inventory()*self.h

def _incur_penalty_cost(self, time): # incur penalty cost and store it
self.period_costs[time] += self.backorders()*self.p
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and we modify the EndOfPeriod event accordingly

class EndOfPeriod:
def __init__(self, des: DES, warehouse: Warehouse):

self.w = warehouse # the warehouse
self.des = des # the Discrete Event Simulation engine
self.priority = 0 # denotes a high priority

def end(self):
self.w.incur_end_of_period_costs(self.des.time)
self.des.schedule(EventWrapper(EndOfPeriod(self.des, self.w)), 1)

To model a Poisson demand with rate λ units per period rather
than a deterministic demand of λ units per period, in line with
what we discuss in our Appendices on Poisson processes and on
Discrete Event Simulation (p. 170), we slightly modify method end

in class CustomerDemand as follows.

class CustomerDemand:
def __init__(self, des: DES, demand_rate: float, warehouse: Warehouse):

self.d = demand_rate # the demand rate per period
self.w = warehouse # the warehouse
self.des = des # the Discrete Event Simulation engine
self.priority = 2 # denotes a low priority

def end(self):
self.w.issue(1, self.des.time) # issue one unit of demand
self.des.schedule(EventWrapper(self), np.random.exponential(1/self.d)) #

schedule another demand with an exponentially distributed delay

Events Order and ReceiveOrder are now assigned a medium prior-
ity (self.priority = 1).

We consider the same system simulated in Example 2.

def plot_inventory(values, label):
# data
df=pd.DataFrame({’x’:

np.array(values)[:,0], ’fx’:
np.array(values)[:,1]})

# plot
plt.xticks(range(len(values)),

range(1,len(values)+1))
plt.xlabel("t")
plt.ylabel("items")
plt.plot( ’x’, ’fx’, data=df,

linestyle=’-’, marker=’’,
label=label)

Listing 70 The plot_inventory

function.

Example 29. We simulate operations of a simple inventory system by
leveraging the Python code in Listings 70 and 71. The warehouse initial
inventory is 10 units. The customer demand follows a Poisson distribution
with a rate of 10 unit per period. We simulate N = 20 periods. We order
50 units in periods 1, 5, 10, and 15; the delivery lead time is 1 period. The
fixed ordering cost is 100, the per unit inventory holding cost is 1.

np.random.seed(1234) # use common random numbers to ensure replicability
instance = {"inventory_level": 10, "fixed_ordering_cost": 100, "holding_cost": 1,

"penalty_cost": 5}
w = Warehouse(**instance)

N = 20 # planning horizon length
des = DES(N)

d = CustomerDemand(des, 10, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time = 1
o = Order(des, 50, w, lead_time)
for t in range(0,20,5):

des.schedule(EventWrapper(o), t) # schedule orders
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod at the

end of the first period
des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Average cost per period: "+ ’%.2f’ % (sum([w.period_costs[e] for e in

w.period_costs])/len(w.period_costs)))

plot_inventory(w.positions, "inventory position")
plot_inventory(w.levels, "inventory level")
plt.legend(loc="lower right")
plt.show()

Listing 71 Simulating the behaviour
of a warehouse in Python. To ensure
replicability, we leverage common
random numbers [Kahn and Marshall,
1953].
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After simulating the system, we find that the average cost per
unit time is 51, this is higher than the cost (40) observed when
demand is deterministic and equal to λ per period. The behaviour
of the inventory system in terms of inventory level and inventory
position at the end of each period is shown in Fig. 92.

Fig. 92 Simulating the behaviour
of a warehouse in Python subject to
stochastic demand: inventory level
and inventory position at the end of
each period t ∈ {1, 20} when the initial
inventory level is 10. Demand now
follows a Poisson distribution with a
rate of 10 units per period.

We next use the discrete simulation code just presented to simu-
late a Newsvendor problem with o = 1, u = 5, and Poisson demand
with λ = 100.

def simulate_newsvendor():
instance = {"inventory_level": 0, "fixed_ordering_cost": 0, "holding_cost": 1,

"penalty_cost": 5}
w = Warehouse(**instance)

N = 1 # planning horizon length
des = DES(N)

d = CustomerDemand(des, 100, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time = 0
o = Order(des, 110, w, lead_time)
des.schedule(EventWrapper(o), 0) # schedule a single order at time 0
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod with a

delay of one period

des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Total cost: "+ ’%.2f’ % (sum([w.period_costs[e] for e in w.period_costs])))

return sum([w.period_costs[e] for e in w.period_costs])

np.random.seed(1234)
replications = 1000
print("Simulated cost: " +str(sum([simulate_newsvendor() for k in

range(replications)])/replications))

By noting that a Poisson demand with λ = 100 is roughly equiva-
lent to a normally distributed demand with µ = 100 and σ = 10, by
using analytical results previously presented for the Newsvendor
model, we find that Q∗ = 110 and C(Q∗) = 14.99. The simulated
cost is 15.01, which closely approximates the analytical solution.
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The multi-period Newsvendor

This is a variant of the Newsvendor model in which the planning
horizon comprises T periods (Fig. 93). In each period t = 1, . . . , T,
we observe a random demand dt with known probability distribu-
tion. There is still a single opportunity to order, so that an order
quantity Q can be ordered only at the beginning of the planning
horizon. However, inventory overage (o , c − s) and underage
(u , p− c) costs are now incurred at the end of each period.

pmf(d1+d2)

period 1 time

in
v
e

n
to

ry

Q

0

pmf(d1) pmf(d1+d2+d3)

period 2 period 3

Fig. 93 The multi-period Newsvendor
problem.

Let Q denote the quantity ordered at the beginning of the period,
our goal is to minimise

C(Q) ,
T

∑
t=1

(p− c)E[d1..t −Q]+ + (c− s)E[Q− d1..t]
+ ≥ 0,

where [x]+ , max(x, 0); and d1..t , d1 + d2 + . . . + dt.

Lemma 39. C(Q) is convex.

Proof. For every t, function (p− c)E[d1..t −Q]+ + (c− s)E[Q− d1..t]
+

is equivalent to a traditional Newsvendor cost function; therefore
C(Q) is the sum of T convex functions.

Lemma 40 (Critical fractile). Let Q∗ , min C(Q), then

T

∑
t=1

F1..t(Q∗) =
Tu

o + u
, (29)

where F1..t is the cumulative distribution function of d1 + d2 + . . . + dt.
The optimal order quantity can be found by finding Q∗ that solves Eq. 29.

Proof. A proof of this result is provided in [Askin, 1981, p. 133].

Once more, if the random demand d is discrete, the global mini-
mum can be found by analysing the forward differences of C(Q).

The multi-period Newsvendor can be implemented in Python as
shown below.
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from itertools import accumulate
from scipy.stats import poisson
import scipy.integrate as integrate
from scipy.optimize import minimize

class MultiPeriodNewsvendor:
def __init__(self, instance):

self.mean, self.o, self.u = instance["mean"], instance["o"], instance["u"]

def cfolf(self, Q, d): # complementary first order loss function
return integrate.quad(lambda x: poisson.cdf(x, d), 0, Q)[0]

def folf(self,Q): # first order loss function
return self.cfolf(Q)-self.u*(Q - self.mean)

def C(self, Q): # C(Q)
return sum([(self.o+self.u)*self.cfolf(Q, d)-self.u*(Q - d) for d in

accumulate(self.mean)])

def optC(self): # min C(Q)
return minimize(self.C, 0, method=’Nelder-Mead’)

def verify_fractile_solution(self, Q):
T = len(self.mean)
critical_fractile = T*self.u/(self.u+self.o)
return sum([poisson.cdf(Q, d) for d in accumulate(self.mean)]) -

critical_fractile < 0.1

instance = {"o" : 1, "u": 5, "mean" : [10,10,10]}
nb = MultiPeriodNewsvendor(instance)
res = nb.optC()
print(res)
print("Verify critical fractile: "+str(nb.verify_fractile_solution(res.x[0])))

Example 30. We consider an instance comprising T = 3 periods. Demand
in each period t follows a Poisson distribution with λt = 10. After solving
this instance, the optimal order quantity is Q∗ = 30 and C(Q∗) = 43.30.
Q∗ has been obtained by using Nelder-Mead optimisation algorithm
[Nelder and Mead, 1965]. However, the cost also verifies via function
verify_fractile_solution that Q∗ is a solution to Eq. 29.

We can employ once more DES to simulate the cost of this inven-
tory system. The Python code is shown below.

def simulate_newsvendor():
instance = {"inventory_level": 0, "fixed_ordering_cost": 0, "holding_cost": 1,

"penalty_cost": 5}
w = Warehouse(**instance)

N = 3 # planning horizon length
des = DES(N)

d = CustomerDemand(des, 10, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time = 0
o = Order(des, 30, w, lead_time)
des.schedule(EventWrapper(o), 0) # schedule a single order at time 0
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod with a

delay of one period
des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Total cost: "+ ’%.2f’ % (sum([w.period_costs[e] for e in w.period_costs])))

return sum([w.period_costs[e] for e in w.period_costs])

np.random.seed(1234)
replications = 10000
print("Simulated cost: " +str(sum([simulate_newsvendor() for k in

range(replications)])/replications))

The simulated value of C(Q∗) is 43.80, which is close to the result
previously obtained by using Nelder-Mead optimisation algorithm.
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The base-stock policy

We now consider the setting analysed in the multi-period Newsven-
dor problem, but we relax the single-order assumption. The aim is
then to control inventory of a single item type over a planning hori-
zon that comprises T periods. As in the multi-period Newsvendor
problem, we operate in a periodic-review setting. This means that
there is an opportunity to order at the beginning of each period
t, to meet a random demand dt that follows a known probability
distribution, which may differ from period to period; and that
inventory overage (also known as holding h) cost and inventory
underage (also known as backorder penalty cost p) are incurred at
the end of each period. Unmet demand at the end of each period is
carried over (backordered) to the next period, and met as soon as the
next replenishment arrives.

Since at the beginning of each period t, we have an opportunity
to replenish our stock, and since we incur no fixed cost for this, the
problem is essentially equivalent to solving a set of T independent
single-period Newsvendor problems.

Let It−1 be the closing inventory level at the end of period t− 1,
by leveraging the critical fractile solution presented in Lemma 38,
we define the order-up-to-level for period t as follows

St , F−1
t

(
p

h + p

)
,

where F−1
t is the inverse cumulative distribution function of dt. The

optimal action at the beginning of period t is therefore to order
Q∗t = max{St − It−1, 0}. In essence, at the beginning of period t, we
order-up-to St. This control policy is known as the base-stock policy.

Example 31. Let us consider a planning horizon comprising T = 5 periods.
Demand dt in each period t = 1, . . . , T follows a Poisson distribution with
mean λt = 10; for the sake of simplicity we here assume, without loss
of generality, that all λt are equal. Inventory holding cost is h = 1,
and inventory backorder penalty cost is p = 5. We solve five separate
Newsvendor problems, one for each period, we obtain St = 13, for all t.
The behaviour of the system when initial inventory is 10 is shown in Fig.
94

Simulating a base-stock policy only requires some minor adjust-
ments to our DES Python code. In particular, we shall replace the
Order class with the following OrderUpTo class.

class OrderUpTo:
def __init__(self, des: DES, S: float, warehouse: Warehouse, lead_time: float):

self.S = S # the order-up-to-level
self.w = warehouse # the warehouse
self.des = des # the Discrete Event Simulation engine
self.lead_time = lead_time
self.priority = 1 # denotes a medium priority

def end(self):
Q = self.S - self.w.inventory_position()
self.w.order(Q, self.des.time)
self.des.schedule(EventWrapper(ReceiveOrder(self.des, Q, self.w)),

self.lead_time)
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Fig. 94 Simulating the base-stock
policy in Example 31.

The problem can then be simulated as follows.

np.random.seed(1234)
instance = {"inventory_level": 10, "fixed_ordering_cost": 0, "holding_cost": 1,

"penalty_cost": 5}
w = Warehouse(**instance)

N = 5 # planning horizon length
des = DES(N)

d = CustomerDemand(des, 10, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time = 0
o = OrderUpTo(des, 13, w, lead_time)
for t in range(5):

des.schedule(EventWrapper(o), t) # schedule orders
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod at the

end of the first period
des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Average cost per period: "+ ’%.2f’ % (sum([w.period_costs[e] for e in

w.period_costs])/len(w.period_costs)))

plot_inventory(w.positions, "inventory position")
plot_inventory(w.levels, "inventory level")
plt.legend(loc="lower right")
plt.show()

Lost sales. If we assume that unmet demand is lost at the end of
each period, as opposed to being backordered, the computation of
St does not change. However, the optimal action at the beginning of
period t is now to order Q∗t = max{St −max{It−1, 0}, 0}.

Positive order lead time. If an order is delivered after a posi-
tive lead time of l periods, the problem can be solved by leveraging
the solution to a multi-period Newsvendor over periods t, . . . , t + l
while computing the order-up-to-levels. In particular,

St ,

{
S
∣∣∣∣ T

∑
t=1

Ft..t+l(S) =
Tp

h + p

}
,

where Ft..t+l is the inverse cumulative distribution function of
dt + . . . , dt+l ; this accounts for the demand variability over lead time.
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To compute the associated optimal order quantity, first we need
to establish the order of events. We shall assume that, at the begin-
ning of a period, outstanding orders that are due to be delivered
in such period are received; then inventory is reviewed; and new
orders are issued. Let Ot denote the total outstanding order quan-
tity at the beginning of period t, when inventory is reviewed: these
are all the orders already issued, but not yet received. Define the
inventory position Pt , Ot + It−1, where It−1 is the inventory level
at the end of period t. Then the optimal action at the beginning of
period t is to order Q∗t = max{St − Pt, 0}.

Example 32. We consider the instance in Example 31 and set the order
delivery lead time to 1 period. By solving a multi-period Newsvendor over
a planning horizon of T = 2 periods with Poisson demand λt = 10 in each
of these, we obtain St = 20. The system behaviour is simulated in Fig. 95

Fig. 95 Simulating the base-stock
policy in Example 31 under an order
delivery lead time l = 1. If we simulate
a large number of periods (e.g. 500),
we can observe that the average cost
per period is now higher (11.14)
than that observed for the zero lead
time case (4.97). A positive lead time
makes it more expensive to control the
system.

np.random.seed(1234)
instance = {"inventory_level": 10, "fixed_ordering_cost": 0, "holding_cost": 1,

"penalty_cost": 5}
w = Warehouse(**instance)

N = 5 # planning horizon length
des = DES(N)
d = CustomerDemand(des, 10, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time = 1
o = OrderUpTo(des, 20, w, lead_time)
for t in range(N):

des.schedule(EventWrapper(o), t) # schedule orders
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod at the

end of the first period
des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Average cost per period: "+ ’%.2f’ % (sum([w.period_costs[e] for e in

w.period_costs])/len(w.period_costs)))

plot_inventory(w.positions, "inventory position")
plot_inventory(w.levels, "inventory level")
plt.legend(loc="lower right")
plt.show()
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The modified base-stock policy

We now consider once more the setting analysed in the multi-
period Newsvendor problem, but in addition to relaxing the single-
order assumption, we assume that an order capacity constraint is in
place, so that at the beginning of each period, it is only possible to
order a quantity less or equal to B. SS-B

Fig. 96 Plot of miny∈[x,x+B] f (y).It is possible to show that the optimal policy to this periodic
review problem is a so-called modified base-stock policy in which, in
each period, we order up to the order-up-to-level St, or as close as
possible to it, given the ordering capacity.47 Therefore 47 Awi Federgruen and Paul Zipkin.

An inventory model with limited
production capacity and uncertain
demands I. The average-cost criterion.
Mathematics of Operations Research, 11

(2):193–207, 1986.

Q∗t = max{min{St − It−1, B}, 0}.

This result directly follows from the following lemma.

Lemma 41. Let f be convex, and S be a minimizer of f , then

min
y∈[x,x+B]

f (y) =


f (x) S ≤ x
f (S) S− B ≤ x ≤ S
f (x + B) x ≤ S− B

Proof. A proof (Fig. 96) is discussed in [Karush, 1959].

Example 33. We consider the instance in Example 31 and an ordering
capacity B = 13. The order-up-to-levels are not affected by the ordering
capacity, and they remain equal to St = 13, for all t.

The system can be once more simulated by making a few tweaks
to our DES code. In particular, we replace the OrderUpTo class with
the following ModifiedOrderUpTo class in Listing 72. Finally, we
amend the rest of the code as shown below.

class ModifiedOrderUpTo:
def __init__(self, des: DES, S:

float, warehouse: Warehouse,
lead_time: float, B: float):

self.S = S # the
order-up-to-level

self.w = warehouse # the
warehouse

self.des = des # the Discrete
Event Simulation engine

self.lead_time = lead_time
self.B = B
self.priority = 1 # denotes a

medium priority

def end(self):
Q = min(self.S -

self.w.inventory_position(),
self.B)

self.w.order(Q, self.des.time)
self.des.schedule( EventWrapper(

ReceiveOrder( self.des, Q,
self.w)), self.lead_time)

Listing 72 The ModifiedOrderUpTo

class.

np.random.seed(1234)
instance = {"inventory_level": 10, "fixed_ordering_cost": 0, "holding_cost": 1,

"penalty_cost": 5}
w = Warehouse(**instance)

N = 5 # planning horizon length
des = DES(N)
d = CustomerDemand(des, 10, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time, capacity = 0, 13
o = ModifiedOrderUpTo(des, 13, w, lead_time, capacity)
for t in range(N):

des.schedule(EventWrapper(o), t) # schedule orders
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod at the

end of the first period
des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Average cost per period: "+ ’%.2f’ % (sum([w.period_costs[e] for e in

w.period_costs])/len(w.period_costs)))

plot_inventory(w.positions, "inventory position")
plot_inventory(w.levels, "inventory level")
plt.legend(loc="lower right")
plt.show()

If we simulate a large number of periods (e.g. 500), we can observe
that the average cost per period is now higher (6.25) than that
observed for the case in which the capacity costraint is absent (4.97).
An order capacity constraint makes it more expensive to control the
system.
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The (s, S) policy

We consider a single-item single-stocking location stochastic in-
ventory system subject to random demand. The planning horizon
is finite and comprises n periods — for convenience periods are
labelled in reverse order n, n − 1, . . . , 1. The probability density
function of the demand dt in period t is ft and its cumulative dis-
tribution function is Ft. The system operates under the following
cost structure: there is a purchasing or ordering cost c(x) for pur-
chasing x units of inventory; a holding cost h that is charged for
transferring one unit of inventory from one period to the next; and
a shortage cost p that charged for each unit short at the end of a
period. Unmet demand at the end of a period is backordered and
met as soon as the next replenishment arrives. We shall assume that
deliveries occurs only at the beginning of a period and that they are
instantaneous.

Let Cn(x) denote the expected total cost attained by an optimal
provisioning policy over periods n, . . . , 1 when the inventory at the
beginning of period n, before any order is placed, is x; then

Cn(x) , min
x≤y

{
c(y− x) + Ln(y) +

∫ ∞

0
Cn−1(y−ω) fn(ω)dω

}
;

where C0 , 0, and

Ln(y) ,
∫ y

0
h(y−ω) fn(ω)dω +

∫ ∞

y
p(ω− y) fn(ω)dω.

In what follows we shall concentrate on the case in which the
ordering cost takes the following structure

c(x) ,

{
0 x = 0,
K + vx x > 0.

In other words, we now have a fixed ordering cost component K,
which is incurred every time an order is placed, regardless of the
order size; and a variable ordering cost component v, which is
proportional to the size of the order.

The optimality of (s, S) policies
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Fig. 97 An (s, S) policy.

Scarf proved that, if Ln(y) is convex and ordering cost follows the
structure of c(x), the optimal policy is defined by a pair of critical
numbers (s, S) as follows: at the beginning of each period, if x < s
order S− x, otherwise, do not order (Fig 97). This control rule is
known as the (s, S) policy.48 48 Herbert E. Scarf. Optimality of (s, S)

policies in the dynamic inventory
problem. In K. J. Arrow, S. Karlin,
and P. Suppes, editors, Mathematical
Methods in the Social Sciences, pages
196–202. Stanford Univ. Pr., 1960.

We first introduce the following definition

Definition 21 (K-convexity). Let K ≥ 0, g(x) is K-convex if for all x,
a > 0, and b > 0,

K + g(x + a)− g(x)
a

≥ g(x)− g(x− b)
b

. (30)
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Scarf’s result is based on a study of function

Gn(y) , vy + Ln(y) +
∫ ∞

0
Cn−1(y−ω) fn(ω)dω.

Scarf proved that, if Ln(y) is convex, Gn(y) is K-convex and thus
satisfy the property in Definition 21.

For illustrative purposes (Fig. 98), it is worth rearranging terms
in Eq. 30 as follows

K + g(x + a) ≥ g(x) + a
g(x)− g(x− b)

b
.

y

x + a1

G(x + a1) + K

x + a2

G(x + a2) + K

x− b x

Gn(y)

Fig. 98 K-convexity of Gn: let a, b > 0,
pick two points (x− b, G(x− b)) and
(x, G(x)), draw a straight line passing
through them; then for any x + a, point
(x + a, G(x + a) + K) lies above the
straight line.

Without loss of generality, assume now Gn differentiable, and let
b→ 0; thus obtaining

K + Gn(x + a) ≥ Gn(x) + aG′n(x).

Consider all points x where G′n(x) = 0, these include all local
maxima of Gn. Let S be the global minimiser of Gn, it immediately
follows that K + Gn(S) is greater than the value of Gn at any local
maximum x < S (Fig. 99).

y

S

G(S) + KG(s)

s

G′n(x)

x

Gn(y)
Fig. 99 K-convexity of Gn: K + Gn(S)
is greater than the value of Gn at any
local maximum x < S, thus there
exists a unique value s such that
K + Gn(S) = Gn(s).

This means that, despite the fluctuations of Gn, there exists a
unique value s such that K + Gn(S) = Gn(s), where S , miny Gn(y).
In turn, this implies that an (s, S) policy is optimal.

This result, of course, hinges on K-convexity of Gn and Cn, which
must be proved.



stochastic inventory control 131

We first introduce three well-known properties (Lemma 42,
Lemma 43, and Lemma 44) of K-convex functions.

Lemma 42. 0-convexity is equivalent to ordinary convexity.

Lemma 43. If f and g are K-convex and M-convex, respectively, then
α f + βg is (αK + βM)-convex for α and β positive.

Lemma 44. If g is K-convex, then g(x + h) is K-convex for all h.

Scarf’s proof proceeds by induction. C0 , 0; L(y) is convex
and hence K-convex (Lemma 42); vy is linear and hence K-convex;
G1(y) is convex (Lemma 43) and hence K-convex (Lemma 42).
Assume that G2(y), . . . , Gn(y) are K-convex; to show that Gn+1(y)
is K-convex, it is sufficient to show that

∫ ∞
0 Cn(y− ω) fn(ω)dω is

K-convex; and by applying Lemma 43 and Lemma 44, it is sufficient
to show that Cn(x) is K-convex.

Theorem 1. Cn(x) is K-convex.

Proof. Observe that under an (s, S) policy, Cn(x) can be expressed
as follows

Cn(x) ,

{
K− vx + Gn(S) x ≤ s
−vx + Gn(x) x > s.

(31)

To prove that Cn(x) is K-convex, we analyse three possible cases
(Fig. 100) covering intervals within which x and x + a may lie.

Case 1

sm
x, x + a

Case 2 x x + a

Case 3 x, x + a

Fig. 100 Cases considered in the proof
of Theorem 1.

Case 1: x > s. In this region, Cn(x) is equal to a linear function plus
a K-convex function, hence it is K-convex.

Case 2: x < s < x + a. By applying Definition 21, Cn(x) is K-convex,
since K + Cn(x + a)− Cn(x)− aC′n(x) ≥ 0, that is

K + (−v(x + a) + Gn(x + a))− (K− vx + Gn(S))− a(−v + G′n(S)) ≥ 0

which is true, since Gn(x + a)− Gn(S) ≥ 0, for all x and a > 0, and
G′n(S) = 0, because S is the global minimiser of Gn.

Case 3: x < x + a < s. In this region, Cn(x) is linear.

Observe that this proof applies both to stationary and nonsta-
tionary demand. The proof can be also extended to the case of
a positive deterministic lead time; this extension is discussed in
[Scarf, 1960].
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Computing stationary (s, S) policy parameters

We consider a single-item single-stocking location stochastic inven-
tory system subject to stationary stochastic demand over an infinite
planning horizon and periodic review. The probability density func-
tion of the demand d in any given period is f and its cumulative
distribution function is F. The system operates under the follow-
ing cost structure: there is a purchasing or ordering cost c(x) for
purchasing x units of inventory; a holding cost h that is charged for
transferring one unit of inventory from one period to the next; and
a shortage cost p that charged for each unit short at the end of a
period. Unmet demand at the end of a period is backordered and
met as soon as the next replenishment arrives. We shall assume that
deliveries occurs only at the beginning of a period and that they are
instantaneous. The objective is to minimise the expected long run
average cost per period.

According to what was discussed in the previous section, an
(s, S) policy is optimal for this system. We shall now illustrate
how to compute optimal (s, S) policy parameters by following the
approach discussed by Zheng and Federgruen.49 49 Yu-Sheng Zheng and Awi Feder-

gruen. Finding optimal (s, S) policies
is about as simple as evaluating a
single policy. Operations Research, 39(4):
654–665, 1991.

At the beginning of any given period, if we have y units in stock,
the expected total holding and backordering costs can be expressed
as

G(y) , hE[y− d]+ + pE[d− y]+,

where E[y− d]+ and E[d− y]+ are the complementary first order
loss function and the first order loss function, respectively.

Definition 22. A replenishment cycle is the time between the placement of
two consecutive orders.

Observe that at the beginning of each replenishment cycle the
system “renews” itself, because the inventory position immediately
after an order is always equal to S. Let c(s, S) denote the expected
long run average cost per period of an (s, S) policy. By using the
reward-renewal theorem, Zheng and Federgruen express c(s, S) as
the expected cost per cycle divided by the expected cycle length.

For y > s, define k(s, y) as the expected total cost until the next
order is placed when the starting inventory position is equal to y
units. Let M(j) be the expected total time until an order is placed when
starting with s + j units. The expected long run average cost per
period of an (s, S) policy can be expressed as

c(s, S) =
k(s, S)

M(S− s)
.

We shall next find expressions for k(s, y) and M(j).

Lemma 45. Consider a discrete random demand d,

c(s, S) =
K + ∑S−s−1

j=0 m(j)G(S− j)

M(S− s)
,

where M(0) = 0; m(0) = (1− p0)
−1; m(j) = ∑

j
k=0 pkm(j − k), for

j = 1, 2, . . .; and pi is the probability that d = i, where i ≥ 0.50

50 Let ϕ(k) the probability mass func-
tion of the demand in a given period;
and ϕn(k) be the n-fold convolution of
ϕ(k). Define Φn(k) , ∑k

i=0 ϕn(i). Then
M(j) = ∑∞

i=1 Φi(j− 1) = ∑
j−1
k=0 m(k),

where m(j) = ∑∞
i=1 ϕi(j). These results

were originally presented in [Veinott
and Wagner, 1965].
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Proof. Both k(s, y) and M(j) satisfy the discrete renewal equations.
Therefore, for y > s

k(s, y) = G(y) + K
∞

∑
j=y−s

pj +
y−s−1

∑
j=0

pjk(s, y− j)

and, for j = 1, 2, . . .

M(j) = 1 +
j−1

∑
i=0

pi M(j− i).

From M(j) = ∑
j−1
k=0 m(k) It follows that, for j = 1, 2, . . .

M(j) = M(j− 1) + m(j− 1)

and therefore, for y > s

k(s, y) = K +
y−s−1

∑
j=0

m(j)G(y− j).

c(s, S) is unfortunately not convex. Zheng and Federgruen’s
efficient algorithm is based on the observation that c(s− 1, S) is a
convex combination of c(s, S) and G(s) (Lemma 46).

Lemma 46.
c(s− 1, S) = αnc(s, S) + (1− αn)G(s) (32)

where αn = M(n)/M(n + 1).

Proof. For the proof of this and of the following lemmas please
refer to [Zheng and Federgruen, 1991].

The following corollary immediately follows from Lemma 46.

Corollary 1. min{c(s, S), G(s)} ≤ c(s− 1, S) ≤ max{c(s, S), G(s)}.

By leveraging Lemma 46, one first determines necessary (Lemma
47) and sufficient (Lemma 48) conditions for s0 to be the optimal
reorder-level for a fixed order-up-to level S.

Lemma 47. If s0 is optimal for S, then c(s0, S) ≤ c(s, S) for all s.

Lemma 48. If G(s0 + 1) ≤ c(s0, S) ≤ G(s0), then s0 is optimal for S.

The following corollary can be used to find an optimal reorder
level for a given order-up-to-level.

Corollary 2. Given S, let s0 , max{y < y∗1 |c(y, S) ≤ G(y)}, then
Lemma 48 holds, and s0 is optimal for S.

Let
y∗1 , min{y|y = min

x
G(x)},

y∗2 , max{y|y = min
x

G(x)},

where −∞ < y∗1 ≤ y∗ ≤ y∗2 < ∞ — where y∗ is a minimum of G(x).
Next, we establish lower (s∗l ) and upper (s∗u) bounds that apply to

an optimal reorder-level s∗.
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Let s∗l denote the smallest optimal reorder level.

Lemma 49. s∗l ≤ s̄ , y∗1 − 1.

Let s∗u denote the largest optimal reorder level.

Lemma 50. s0 ≤ s∗u, where s0 is the optimal reorder-level for some
arbitrary order-up-to level S.

Corollary 3. There exists an optimal reorder level s∗ such that

s0 ≤ s∗ ≤ s̄.

Note that the lower bound can be continuously improved as new
optimal reorder level s0 are found for new values of S.

Next, we establish lower (S
¯
) and upper (S̄) bounds that apply to

an optimal order-up-to level S∗.

Lemma 51. S
¯
, y∗2

Lemma 52. S̄ , max{y > S
¯
|G(y) < c∗}, where c∗ = c(s∗, S∗).

Corollary 4. There exists an optimal order-up-to level S∗ such that

S
¯
≤ S∗ ≤ S̄.

Corollary 5. S̄c , max{y > S
¯
|G(y) < c}, where c = c(s, S) is the

expected long run average cost per period of an arbitrary (s, S) policy.
Therefore, there exists an optimal order-up-to level S∗ such that

S
¯
≤ S∗ ≤ S̄ ≤ S̄c.

This corollary can be used to identify increasingly tighter upper
bounds for S∗ as increasingly better (s, S) policies are found.

For any fixed order up to level S let

c∗(S) , min
s<S

c(s, S).

Definition 23. S improves upon S0, if c∗(S) < c∗(S0).

Lemma 53. For a given order-up-to level S0 (≥ y∗1), let s0 (≤ y∗1) be
an optimal reorder-level. Then c∗(S) < c∗(S0) if and only if c(s0, S) <

c(s0, S0).

Thus, given a policy (s0, S0), we can easily identify an improving
S′ by simply comparing c(s0, S0) and c(s0, S′). If S′ improves upon
S0, then we want to find an optimal reorder-level s′ for S′.

Lemma 54. Assume that s0 ≤ s̄ is an optimal reorder-level for S0, and
that S′ improves upon S0, then there exists an optimal reorder-level s′ for
S′ with s′ ∈ {s0, . . . , s̄}.

The lemma therefore restricts the search for s′ to s0, . . . , s̄.
We next present Zheng and Federgruen’s algorithm to find an

optimal (s∗, S∗) policy. A sample instance is presented in Listing 73.
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# Optimal policy: (6,40)
# c(s*,S*) = 35.02

instance = {’mu’: 10, ’K’: 64, ’h’:
1., ’b’: 9.}

pb = ZhengFedergruen(**instance)
print(pb.findOptimalPolicy())

Listing 73 An instance of the station-
ary stochastic lot sizing problem. The
execution path is illustrated in Fig.
101.

S

s

Fig. 101 Execution of the algorithm for
the instance in Listing 73.

findOptimalPolicy: We enter the
algorithm with an initial (arbitrary)
order-up-to-level S0 = y∗, where
y∗ , minyG(y). We find an optimal
corresponding reorder level s0 by
decreasing s from y∗ with unit-sized
decrements until c(s, S0) <= G(s).
Optimality of s0 for S0 follows from
Corollary 2. We then search for the
smallest value of S that is larger
than S0 and improves upon S0. S is
increased with unit-sized increments.
A single comparison of c(s0, S) and
c(s0, S0) is sufficient to verify if a
given value of S improves upon S0

(Lemma 53). If S improves upon
S0, S0 is updated to S and the new
corresponding optimal reorder level
s0 is determined by incrementing
the old reorder level with unit-sized
increments until c(s, S0) > G(s + 1).
The existence of such a reorder level
s0, its optimality for the new value
S0, and the fact that s0 < y∗, are all
guaranteed by Lemma 54.

import numpy as np, functools
from scipy.stats import poisson
from inventoryanalytics.utils import memoize as mem

def expectation(f, x, p): # E[f(X)] = sum f(x_i) p_i
return np.dot(f(x),p)

class ZhengFedergruen(object):
"""
The stationary stochastic lot sizing problem.
"""
def __init__(self, mu, K, h, b):

"""
Constructs an instance of the stochastic lot sizing problem

Arguments:
mu {[type]} -- the expected demand
K {[type]} -- the fixed ordering cost
h {[type]} -- the proportional holding cost
b {[type]} -- the penalty cost

"""

self.K, self.h, self.b, self.mu = K, h, b, mu
self.p = poisson.pmf(np.arange(10*mu), self.mu) # set a safe upper bound for

the random variable support (e.g. 10 times the mean demand)

def G_L(self, y): # the one-period inventory cost
return self.b*np.maximum(0,-y) + self.h*np.maximum(0,y)

def G(self, y): # expected one period inventory cost
return expectation(self.G_L, y - np.arange(0, len(self.p)), self.p)

@memoize # see appendix on SDP for memoize class implementation
def m(self, j): # [Zheng and Federgruen, 1991] eq. 2a

if j == 0:
return 1./(1. - self.p[0])

else: # [Zheng and Federgruen, 1991] eq. 2b
res = sum(self.p[l]*self.m(j-l) for l in range(1,j+1))
res /= (1. - self.p[0])
return res

@memoize
def M(self, j): # [Zheng and Federgruen, 1991] eq. 2c

if j == 0:
return 0.

else:
return self.M(j-1) + self.m(j-1)

def k(self, s,y): # [Zheng and Federgruen, 1991] eq. 5
res = self.K
res += sum(self.m(j)*self.G(y-j) for j in range(y-s))
return res

def c(self, s,S): # [Zheng and Federgruen, 1991] eq. 3
return self.k(s,S)/self.M(S-s)

def findOptimalPolicy(self):

# [Zheng and Federgruen, 1991] algorithm on Page 659
ystar = poisson.ppf(self.b/(self.b+self.h),self.mu).astype(int) #base stock

level, an arbitrary minimum of G
s = ystar - 1 # upper bound for s*
S_0 = ystar + 0 # lower bound for S*

#calculate the optimal s for S_0 by decreasing s until c(s,S_0) <= G(s)
while self.c(s,S_0) > self.G(s):

s -= 1
s_0 = s # optimal value of s for S_0
c0 = self.c(s_0,S_0) # expected long run average cost per period of (s_0,S_0)
S0 = S_0 # S0 = S^0 of the paper
S = S0 + 1
while self.G(S) <= c0:

if self.c(s,S) < c0: # S improves upon S0
S0 = S
while self.c(s,S0) <= self.G(s+1): # calculate the optimal s for S_0

s += 1
c0 = self.c(s,S0)

S += 1
self.s_star = s
self.S_star = S0
return s, S0
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The system can be once more simulated by making a few tweaks
to our DES code. In particular, we replace the OrderUpTo class with
the following InventoryReview class.

class InventoryReview:
def __init__(self, des: DES, s: float, S: float, warehouse: Warehouse, lead_time:

float, B: float):
self.s, self.S = s, S # the reorder point and the order-up-to-level
self.w = warehouse # the warehouse
self.des = des # the Discrete Event Simulation engine
self.lead_time, self.B = lead_time, B
self.priority = 1 # denotes a medium priority

def end(self):
if self.w.inventory_position() < self.s:

Q = min(self.S - self.w.inventory_position(), self.B)
self.w.order(Q, self.des.time)
self.des.schedule(EventWrapper(ReceiveOrder(self.des, Q, self.w)),

self.lead_time)
self.des.schedule(EventWrapper(self), 1) # schedule another review in 1 period

Finally, we amend the rest of the code as shown below.

np.random.seed(1234)
instance = {"inventory_level": 00, "fixed_ordering_cost": 64, "holding_cost": 1,

"penalty_cost": 9}
w = Warehouse(**instance)

N = 20 # planning horizon length
des = DES(N)
d = CustomerDemand(des, 10, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately

lead_time, capacity, s, S = 0, 10000, 6, 40 # set a very large capacity
o = InventoryReview(des, s, S, w, lead_time, capacity)
des.schedule(EventWrapper(o), 0) # schedule an order immediately
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod at the

end of the first period
des.start()

print("Period costs: "+str([w.period_costs[e] for e in w.period_costs]))
print("Average cost per period: "+ ’%.2f’ % (sum([w.period_costs[e] for e in

w.period_costs])/len(w.period_costs)))

plot_inventory(w.positions, "inventory position")
plot_inventory(w.levels, "inventory level")
plt.plot([S for k in range(N)], label="S")
plt.plot([s for k in range(N)], label="s")
plt.legend(loc="lower right")
plt.show()

The simulated average cost per period (34.8) approaches that
computed by Zheng and Federgruen’s algorithm (Fig. 102).

Fig. 102 Simulating the stationary
(s, S) policy for the numerical example
in Listing 73. If inventory position falls
below s at the beginning of any given
period, an order is issued to bring the
inventory position up to S.
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Computing nonstationary (s, S) policy parameters

Definition 24. A stochastic process {dt} is nonstationary if the distribu-
tion of dt varies with t, i.e. it is time-dependent.

We present a Stochastic Dynamic Programming algorithm for
computing optimal (st, St) policy parameters for the case in which
demand is nonstationary over a finite horizon. An introduction to
Stochastic Dynamic Programming is provided in the Appendix.

We first list the relevant imports.

from typing import List
import scipy.stats as sp
import json

We implement the state of the inventory system in class State.

class State:
"""
The state of the inventory system.

Returns:
[type] -- state of the inventory system

"""

def __init__(self, t: int, I: float):
self.t, self.I = t, I # time period t, and inventory level I

def __eq__(self, other):
return self.__dict__ == other.__dict__

def __str__(self):
return str(self.t) + " " + str(self.I)

def __hash__(self):
return hash(str(self))

Finally, we implement the Stochastic Dynamic Programming
algorithm in class StochasticLotSizing

class StochasticLotSizing:
"""
The nonstationary stochastic lot sizing problem.

Returns:
[type] -- A problem instance

"""

def __init__(self, K: float, v: float, h: float, p: float, d: List[float],
max_inv: float, q: float, initial_order: bool):

"""
Create an instance of StochasticLotSizing.

Arguments:
K {float} -- the fixed ordering cost
v {float} -- the proportional unit ordering cost
h {float} -- the proportional unit inventory holding cost
p {float} -- the proportional unit inventory penalty cost
d {List[float]} -- the demand probability mass function
taking the form [[d_1,p_1],...,[d_N,p_N]], where d_k is
the k-th value in the demand support and p_k is its
probability.

max_inv {float} -- the maximum inventory level
q {float} -- quantile truncation for the demand
initial_order {bool} -- allow order in the first period

"""

# initialize instance variables
self.T, self.K, self.v, self.h, self.p, self.d, self.max_inv = len(d)-1, K, v,

h, p, d, max_inv

# demand distributions
max_demand = lambda d: sp.poisson(d).ppf(q).astype(int) # max demand
pmf = lambda d, k : sp.poisson(d).pmf(k)/q # poisson pmf
self.pmf = [[[k, pmf(d, k)] for k in range(0, max_demand(d))] for d in self.d]

https://doi.org/10.11647/OBP.0252.07
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# lambdas
if initial_order: # action generator

self.ag = lambda s: [x for x in range(0, max_inv-s.I)]
else:

self.ag = lambda s: [x for x in range(0, max_inv-s.I)] if s.t > 0 else [0]
self.st = lambda s, a, d: State(s.t+1, s.I+a-d) # state transition
L = lambda i,a,d : self.h*max(i+a-d, 0) + self.p*max(d-i-a, 0) # immediate

holding/penalty cost
self.iv = lambda s, a, d: (self.K if a > 0 else 0) + L(s.I, a, d) # immediate

value function

self.cache_actions = {} # cache with optimal state/action pairs

def f(self, level: float) -> float:
"""
Recursively solve the nonstationary stochastic lot sizing problem
for an initial inventory level.

Arguments:
level {float} -- the initial inventory level

Returns:
float -- the cost of an optimal policy

"""
s = State(0,level)
return self._f(s)

def q(self, period: int, level:float) -> float:
"""
Retrieves the optimal order quantity for a given initial inventory level.
Function :func:‘f‘ must have been called before using this method.

Arguments:
period {int} -- the initial period
level {float} -- the initial inventory level

Returns:
float -- the optimal order quantity

"""
s = State(period,level)
return self.cache_actions[str(s)]

@memoize # see appendix on SDP for memoize class implementation
def _f(self, s: State) -> float: # Scarf’s C_n(x) functional equation

"""
Dynamic programming forward recursion.

Arguments:
s {State} -- the initial state

Returns:
float -- the cost of an optimal policy

"""
#Forward recursion
v = min(

[sum([p[1]*(self.iv(s, a, p[0])+ # immediate cost
(self._f(self.st(s, a, p[0])) if s.t < self.T else 0)) # future cost

for p in self.pmf[s.t]]) # demand realisations
for a in self.ag(s)]) # actions

opt_a = lambda a: sum([p[1]*(self.iv(s, a, p[0])+
(self._f(self.st(s, a, p[0])) if s.t < self.T else 0))

for p in self.pmf[s.t]]) == v
q = [k for k in filter(opt_a, self.ag(s))] # retrieve best action list
self.cache_actions[str(s)]=q[0] if bool(q) else None # store action
return v # return expected total cost

def extract_sS_policy(self) -> List[float]:
"""
Extract optimal (s,S) policy parameters

Returns:
List[float] -- the optimal s,S policy parameters [...,[s_k,S_k],...]

"""
for i in range(-self.max_inv, self.max_inv):

self.f(i)
policy_parameters = []
for t in range(0, len(self.d)):

level = self.max_inv - 1
min_level = -self.max_inv
s = State(t, level)
while self.cache_actions.get(str(s), 0) == 0 and level > min_level:

level, s = level - 1, State(t, level - 1)
policy_parameters.append(

[level, level+self.cache_actions.get(str(s), 0)])
return policy_parameters
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Example 34. We consider an instance of the stochastic lot sizing problem
over a planning horizon comprising N = 4 periods. Demand in each
period follows a Poisson distribution with mean λt. The values of λt are
shown in the following table.

t 1 2 3 4

λt 20 40 60 40

The fixed ordering cost is K = 100, for the sake of simplicity the per
unit ordering cost is v = 0, holding cost is h = 1, and penalty cost is
p = 10.

The instance in Example 34 can be solved as follows.

instance = {"K": 100, "v": 0, "h": 1, "p": 10, "d": [20,40,60,40], "max_inv": 200,
"q": 0.9999, "initial_order": True}

lot_sizing = StochasticLotSizing(**instance)
t, I = 0, 0 # initial period, initial inventory level
print("Optimal policy cost: " + str(lot_sizing.f(i)))
print("Optimal order quantity: " + str(lot_sizing.q(t, i)))
print(lot_sizing.extract_sS_policy())

The optimal policy cost is 332.1 The optimal (st, St) policy parame-
ters for each period t are shown in the following table.

t 1 2 3 4

St 67 49 109 49

st 15 28 55 28

In Fig. 103 we plot Scarf’s Gn(y), and Cn(x) functions for the
first period of the instance in Example 34. The optimal order quan-
tity Q for each initial inventory level x is also plotted.

Fig. 103 Scarf’s Gn(y) and Cn(x)
functions for the first period of the
instance in Example 34, i.e. n = 4.
The optimal order quantity Q for each
initial inventory level x is also plotted.

Stochastic Dynamic Programming features a pseudo-polynomial
complexity, and can therefore only solve small instances. A more
efficient mathematical programming heuristic has been discussed in
[Xiang et al., 2018].
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The modified (s, S) policy

In this section, we consider the same problem addressed in [Scarf,
1960]: inventory of a single item subject to random demand must
be controlled over a planning horizon of n periods under fixed
ordering (K), holding (h), and backorder penalty (p) cost. However,
the manager now also faces order quantity capacity constraints: in
each period, the amount ordered cannot exceed a fixed quantity B.

The first to investigate this problem was Wijngaard.51 Wijngaard 51 Jacob Wijngaard. An inventory prob-
lem with constrained order capacity.
Technical report, TU Eindhoven, the
Netherlands, 1972.

conjectured that an optimal strategy may feature a so-called modified
(s, S) structure: if the inventory level is greater or equal to s, do not
order; otherwise, order up to S, or as close to S as possible, given
the ordering capacity.52 52 Note that a modified (s, S) policy

generally performs very well: it is
either optimal, or very close to optimal,
and thus it represents a valid heuristic
for this problem.

Unfortunately, both [Wijngaard, 1972] and [Shaoxiang and
Lambrecht, 1996] provided counterexamples that ruled out the
optimality of a modified (s, S) policy. These counterexamples are
fairly easy to produce by slightly amending the Stochastic Dynamic
Programming code for computing nonstationary (s, S) policy
parameters. In particular, the only change that is required concerns
the lambda expressions for the action generator

if initial_order: # action generator
self.ag = lambda s: [x for x in range(0, min(max_inv-s.I, B))]

else:
self.ag = lambda s: [x for x in range(0, min(max_inv-s.I, B)] if s.t > 0 else [0]

where B is the ordering capacity.53 53 Note that modified (s, S) policy
parameters can be extracted by using
the function extract_sS_policy

previously presented.

We hereby illustrate a numerical example originally presented in
[Shaoxiang and Lambrecht, 1996, p. 1015] and also investigated in
[Shaoxiang, 2004] under an infinite horizon.

Example 35. Consider a planning horizon of n = 20 periods and a
stationary demand d distributed in each period according to the following
probability mass function: Pr{d = 6} = 0.95 and Pr{d = 7} = 0.05.
Other problem parameters are K = 22, B = 9, h = 1 and p = 10 and
v = 1; however, note that for a stationary problem with a sufficiently
long horizon, v can be safely ignored. The authors also consider a discount
factor α = 0.9, which can be easily embedded in the code we presented.

In Table 12 we report the tabulated optimal policy as illustrated
in [Shaoxiang, 2004, p. 417]. It is easy to see that this policy does
not follow a modified (s, S) rule as defined above.

Starting inventory level -3 -2 -1 0 1 2 3 4 5 6 7

Optimal order quantity 9 8 7 9 8 7 9 8 7 0 0

Table 12 Optimal policy as illustrated
in [Shaoxiang, 2004, p. 417].

However, [Shaoxiang and Lambrecht, 1996, Shaoxiang, 2004] pro-
vided a partial characterisation of the optimal policy, and proved
that the optimal policy for this problem features a so-called X − Y
band structure: when initial inventory level is above Y, it is opti-
mal to not order; when initial inventory level is below X, where
Y− X ≤ B, it is optimal to order at full capacity.
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Nervousness of control

We consider once more the stochastic lot sizing problem addressed
in [Scarf, 1960]. The (s, S) policy is optimal in the sense that it min-
imises the expected total cost. However, this policy suffers from
high nervousness of the control action.54 Tunc et al. distinguish 54 Huseyin Tunc, Onur A. Kilic, S. Ar-

magan Tarim, and Burak Eksioglu. A
simple approach for assessing the cost
of system nervousness. International
Journal of Production Economics, 141(2):
619–625, 2013.

two types of nervousness of the control action: setup-oriented and
quantity-oriented. Setup-oriented nervousness is the degree by
which timing of next replenishment is unpredictable; quantity-
oriented nervousness is the degree by which quantity of next
replenishment is unpredictable.55 Tunc et al. argue that nervous- 55 While the (s, S) policy is cost op-

timal, the (R, Q) policy is the most
expensive strategy. The cost of static-
dynamic uncertainty strategies fall
in between these two limiting cases.
A comprehensive cost comparison
among all these strategies is presented
in [Dural-Selcuk et al., 2020, Ma et al.,
2020].

ness of control can be categorised in terms of three well-established
inventory control strategies: static uncertainty, dynamic uncertainty,
and static-dynamic uncertainty, which were originally discussed in
[Bookbinder and Tan, 1988], and which reflect extreme cases with
regard to the setup- and the quantity-oriented nervousness.

The dynamic uncertainty strategy is the (s, S) policy discussed (s, S) policy

in [Scarf, 1960]. In this strategy, at the beginning of each period, the
manager reviews the inventory, decides if an order has to be issued,
and the size of such order. In this strategy both timing of next
replenishment and its quantity are unpredictable, and the strategy
therefore features high setup- and quantity-oriented nervousness.

The static-dynamic uncertainty strategy can be implemented
in the form of two policies: the (R, S) policy and the (s, Q) policy.

In the (R, S) policy, at the beginning of the planning horizon, we (R, S) policy

fix once and for all the length R of all future replenishment cycles;
conversely, the size of an order is only computed at the beginning
of each replenishment cycle, as the quantity necessary to raise
the inventory position up to S. This strategy presents low setup-
oriented, and high quantity-oriented nervousness. It is particularly
suitable when order coordination across multiple SKUs is a concern,
e.g. when multiple SKUs are ordered from the same supplier.

In the (s, Q) policy, at the beginning of the planning horizon, (s, Q) policy

we fix once and for all the order quantities for all future periods;
conversely, whether an order is issued or not at any given period,
is determined by checking if the inventory position has fallen
below the reorder point s. The timing of future replenishment
periods is therefore uncertain. This strategy presents high setup-
oriented nervousness, and low quantity-oriented nervousness. It
is particularly suitable when predictability of order processing
workload is a concern, e.g. staff rostering for processing orders.

The static uncertainty strategy is known as the (R, Q) policy. (R, Q) policy

In this strategy, at the beginning of the planning horizon, we decide
once and for all the length R of all future replenishment cycles, and
the associated order quantities. This strategy presents low setup-
oriented nervousness, and low quantity-oriented nervousness.
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The (R, S) policy

We consider the same problem addressed in [Scarf, 1960]: inventory
of a single item subject to random demand must be controlled over
a planning horizon of n periods under fixed ordering (K), holding
(h), and backorder penalty (p) cost. We formulate the problem in
Python as follows.

from typing import List

class StochasticLotSizing:
"""
A stochastic lot sizing problem.
"""
def __init__(self, K: float, h: float, p: float, d: List[float], I0: float):

"""
Create an instance of the stochastic lot sizing problem.

Arguments:
K {float} -- the fixed ordering cost
h {float} -- the per unit holding cost
p {float} -- the per unit penalty cost
d {List[float]} -- the poisson demand rate in each period
I0 {float} -- the initial inventory level

"""

self.K, self.h, self.p, self.d, self.I0 = K, h, p, d, I0

However, we hereby adopt a static-dynamic uncertainty strategy
[Bookbinder and Tan, 1988] in the form of an (R, S) policy. Our aim
is to compute near optimal (R, S) policy parameters.

Definition 25. A replenishment cycle is the time interval i, . . . , j between
two consecutive orders occurring at time i and j + 1.
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Fig. 104 An (R, S) policy.

At the beginning of each replenishment cycle of length R, an
(R, S) policy raises the inventory position up to S (Fig. 104). Since
we operate under an order-up-to policy, the expected total cost
c(i, j) of a replenishment cycle spanning over periods i, . . . , j is the
expected total cost of a multi-period Newsvendor problem over the
same time interval. The solution to this problem has been already
discussed at p. 123. The relevant code is the following.

import scipy.integrate as integrate
from itertools import accumulate
from scipy.stats import poisson
from scipy.optimize import minimize

class MultiPeriodNewsvendor:
def __init__(self, mean, h, p):

self.mean, self.o, self.u = mean, h, p

def cfolf(self, Q, d): # complementary first order loss function
return integrate.quad(lambda x: poisson.cdf(x, d), 0, Q)[0]

def folf(self,Q): # first order loss function
return self.cfolf(Q)-self.u*(Q - self.mean)

def _C(self, Q): # C(Q)
return sum([(self.o+self.u)*self.cfolf(Q, d)-self.u*(Q - d) for d in

accumulate(self.mean)])

def optC(self): # min C(Q)
return minimize(self._C, 0, method=’Nelder-Mead’)

Given a planning horizon of n periods, we can precompute
the expected total cost c(i, j) of every replenishment cycle, for
i, j ∈ {1, . . . , n}. i < j.
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Once cycle costs have been precomputed, the optimal replenish-
ment plan can be easily determined by adopting the same strategy
used to solve the Dynamic Lot Sizing Problem in a deterministic
setting (p. 61). In particular, we represent our problem as a Di-
rected Acyclic Graph (DAG) in which arcs represent all possible
replenishment cycles that can take place within our n-period plan-
ning horizon. Approximating the expected total cost of an optimal
plan is equivalent to finding the shortest path in this DAG. This
can be done efficiently by leveraging Dijkstra’s algorithm [Dijkstra,
1959]. The relevant Python code is shown below and in Listing 74.

instance = {"K": 100, "h": 1, "p": 10,
"d":[20,40,60,40]}

ww = RS_DP(**instance)
print("Cost of an optimal plan: ",

ww.optimal_cost())
print("Optimal order-up-to-levels: ",

ww.order_up_to_levels())

Listing 74 A stochastic lot sizing
problem instance solved under the
(R, S) policy. The approximated
expected total cost is 388.7. The
optimal replenishment plan prescribes
orders in periods 1, 3, and 4; the
associated order-up-to-levels are 67,
70, 48. Contrast this solution with the
optimal (s, S) policy and its cost (332.1)
discussed for this example at p. 139.

For a stationary demand, the (R, S)
policy can be simulated by using a
DES code similar to that presented
for the (s, S) policy. However, in the
revised code, inventory reviews will
have to be scheduled in advance, at the
timings prescribed by the (R, S) policy.

import networkx as nx

class RS_DP(StochasticLotSizing):
"""
Implements the traditional shortest path algorithm with stochastic cycle costs.

James H. Bookbinder and Jin-Yan Tan. Strategies for the probabilistic lot-sizing
problem with service-level constraints. Management Science, 34(9):1096-1108, 1988.
"""

def __init__(self, K: float, h: float, p: float, d: List[float]):
"""
Create an instance of the stochastic lot sizing problem.
Initial inventory level assumed to be 0.

Arguments:
K {float} -- the fixed ordering cost
h {float} -- the per unit holding cost
p {float} -- the per unit penalty cost
d {List[float]} -- the demand in each period

"""
super().__init__(K, h, p, d, 0)

self.graph = nx.DiGraph()
for i in range(0, len(self.d)):

for j in range(i+1, len(self.d)):
self.graph.add_edge(i, j, weight=self.cycle_cost(i, j-1))

def cycle_cost(self, i: int, j: int) -> float:
’’’
Compute the expected total cost of a cycle covering periods i,...,j
when initial inventory is zero
’’’
if i>j: raise Exception(’i>j’)

return self.K + MultiPeriodNewsvendor(self.d[i:j+1], self.h,self.p).optC().fun

def optimal_cost(self) -> float:
’’’
Approximates the cost of an optimal solution
’’’
T, cost, g = len(self.d), 0, self.graph
path = nx.dijkstra_path(g, 0, T-1)
path.append(len(self.d))
for t in range(1,len(path)):

cost += self.cycle_cost(path[t-1],path[t]-1)
print("c("+str(path[t-1])+","+str(path[t]-1)+") =

"+str(self.cycle_cost(path[t-1],path[t]-1)))
return cost

def order_up_to_levels(self) -> List[float]:
’’’
Compute optimal order-up-to-levels
’’’
T, g = len(self.d), self.graph
path = nx.dijkstra_path(g, 0, T-1)
path.append(len(self.d))
qty = [0 for k in range(0,T)]
for t in range(1,len(path)):

qty[path[t-1]] = MultiPeriodNewsvendor(self.d[path[t-1]:path[t]],
self.h,self.p).optC().x[0]

return qty

Advanced mathematical programming heuristics are discussed in
[Tarim and Kingsman, 2006, Rossi et al., 2015, Tunc et al., 2018].
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The (s, Q) policy

We consider the same problem addressed in [Scarf, 1960]: inventory
of a single item subject to random demand must be controlled over
a planning horizon of n periods under fixed ordering (K), holding
(h), and backorder penalty (p) cost.

We hereby focus on a static-dynamic uncertainty strategy [Book-
binder and Tan, 1988] in the form of an (s, Q) policy. Our aim is to
compute near optimal (s, Q) policy parameters.

The DES code required to simulate an (s, Q) policy is essen-
tially identical to that used to simulate an (s, S) policy. The only
change required concerns the InventoryReview class, which must
be amended as follows to capture the fact that when inventory
position falls below s, we order a fixed quantity Q.56 56 Recall that in the (s, S) policy the

order quantity was dynamically
determined to bring the inventory
position up to S.

class InventoryReview:
def __init__(self, des: DES, s: float, Q: float, warehouse: Warehouse, lead_time:

float):
self.s, self.Q = s, Q # the reorder point and the order quantity
self.w = warehouse # the warehouse
self.des = des # the Discrete Event Simulation engine
self.lead_time = lead_time
self.priority = 1 # denotes a medium priority

def end(self):
if self.w.inventory_position() < self.s:

self.w.order(self.Q, self.des.time)
self.des.schedule(EventWrapper(ReceiveOrder(self.des, self.Q, self.w)),

self.lead_time)
self.des.schedule(EventWrapper(self), 1) # schedule another review in 1 period

Example 36. Consider the same instance57 presented in Listing 73. This 57 Instance parameters: µ = 10, K = 64,
h = 1, and p = 9.instance was solved using Zheng and Federgruen’s algorithm, which

produced an (s, S) policy with parameters s = 6 and S = 40 and an
expected total cost 35.02. We arbitrarily set (s, Q) policy parameters to
s = 6, and Q = 40;58 and simulate this policy (Fig. 108). The simulated 58 Q is thus set to the value of the

order-up-to-level under an optimal
(s, S) policy.

cost (35.6) is slightly higher than of an optimal (s, S) policy.

Fig. 105 Simulating the stationary
(s, Q) policy for the numerical example
in Listing 73. If inventory position falls
below s at the beginning of any given
period, an order of size Q is issued.
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Instead of setting arbitrary (s, Q) policy parameters, we may
want to find optimal ones. Unfortunately, computing optimal
(s, Q) policy parameters is a challenging task even under stationary
demand.59 We thus approximate this problem numerically using a 59 Advanced mathematical program-

ming heuristics for computing nonsta-
tionary (s, Q) policy parameters are
discussed in [Ma et al., 2020].

simulation-optimisation strategy [Jalali and Nieuwenhuyse, 2015].60

60 To simulate the cost of a given
pair of (s, Q) policy parameters, we
leverage our DES code; to optimise
over the space of all possible (s, Q)
policy parameter pairs we rely on
Nelder-Mead’s algorithm [Nelder and
Mead, 1965].

import matplotlib.pyplot as plt, numpy as np, pandas as pd
from scipy.optimize import minimize

class sQ:
def __init__(self, instance, demand, lead_time, N):

self.instance, self.demand, self.lead_time, self.N = instance, demand,
lead_time, N

def _run_DES(self, parameters):
s, Q = tuple(parameters)
np.random.seed(1234)
w = Warehouse(**self.instance)
des = DES(self.N)
d = CustomerDemand(des, self.demand, w)
des.schedule(EventWrapper(d), 0) # schedule a demand immediately
o = InventoryReview(des, s, Q, w, self.lead_time)
des.schedule(EventWrapper(o), 0) # schedule an order immediately
des.schedule(EventWrapper(EndOfPeriod(des, w)), 1) # schedule EndOfPeriod at

the end of the first period
des.start()
return w

def simulate(self, parameters):
w = self._run_DES(parameters)
return (sum([w.period_costs[e] for e in w.period_costs])/len(w.period_costs))

instance = {"inventory_level": 0, "fixed_ordering_cost": 64, "holding_cost": 1,
"penalty_cost": 9}

demand, lead_time = 10, 0
N = 1000 # planning horizon length
sq = sQ(instance, demand, lead_time, N)
s, Q = 6, 40 # use optimal (s,S) policy parameters as initial solution for the

optimisation
m = "Nelder-Mead"
res = minimize(sq.simulate, [s,Q], method=m, options={"maxiter": 50})
print([m, list(res.x), res.fun])

Nelder-Mead’s algorithm converges to a solution in which s = 6,
and Q = 39;61 the expected total cost of this (s, Q) policy is 35.06 — 61 We have rounded the original

solution to the closest integer values
since demand follows a Poisson
distribution.

only slightly higher than that of an optimal policy. In Fig. 106 we
illustrate the execution path of the algorithm.

Fig. 106 Nelder-Mead execution path
within the landscape of the expected
total cost of the (s, Q) policy for the
example in Listing 73.
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The (R, Q) policy

We consider the same problem addressed in [Scarf, 1960]: inventory
of a single item subject to random demand must be controlled over
a planning horizon of n periods under fixed ordering (K), holding
(h), and backorder penalty (p) cost.

We hereby focus on a static uncertainty strategy [Bookbinder and
Tan, 1988] in the form of an (R, Q) policy. Since an (R, Q) policy
fixes both the timing and the quantity of replenishments at the
beginning of the planning horizon, it can be simulated using the
DES code presented at p. 120, when policy parameters are known.

To compute optimal (R, Q) policy parameters, we will formulate
the problem using stochastic programming. In particular, we ex-
press the model as a mixed-integer nonlinear programming model;
and we linearise it using techniques presented in [Rossi et al.,
2014b]. The resulting mixed-integer linear programming model can
be solved by using off-the-shelf mathematical programming solvers.

Consider a finite planning horizon comprising T periods. De-
mand dt is stochastic, and its distribution may vary from one
period t to another. We hereby restrict our discussion to a normally
distributed demand with mean E[dt] and standard deviation σ[dt]

in each period t. However the approach here presented can be
easily extended to generic distributions. Inventory can only be
reviewed — and orders issued — at the beginning of each period.
Orders are received immediately after being placed, there is a fixed
cost K for placing an order, a per unit cost h for carrying one unit
of inventory from one period to the next, and a per unit backo-
rder/penalty cost p for every unit that is backordered at the end
of a period. The initial inventory is assumed to be equal to I0. This
problem can be modelled as follows.

min ∑
t∈T

δtK + hE[I+t ] + pE[I−t ] (33)

Subject to,

δt = 0→ Qt = 0 t = 1, . . . , T (34)

I0 +
t

∑
k=0

(Qk − E[dk]) = E[It] t = 1, . . . , T (35)

E[It] = E[I+t ]− E[I−t ] t = 1, . . . , T (36)

E[I+t ] = E

[
t

∑
i=1

(Qi − di)

]+
t = 1, . . . , T (37)

E[I−t ] = E

[
t

∑
i=1

(di −Qi)

]+
t = 1, . . . , T (38)

Qt, E[I+t ], E[I−t ] ≥ 0 t = 1, . . . , T (39)

where the right hand sides of Eq. 37 and Eq. 38 are the complemen-
tary first order loss function (Definition 20) and the first order loss
function (Definition 19), respectively.
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Following the approach illustrated in [Rossi et al., 2014b], we
linearise Eq. 37 and Eq. 38 by means of W + 1 segments as follows.

E[I+t ] ≥ E[It]
i

∑
k=1

pk −
i

∑
k=1

pkE[ωk|Ωk]σ[d1 + . . . + dt] + eWσ[d1 + . . . + dt] for i = 1, . . . , W

E[I+t ] ≥ eWσ[d1 + . . . + dt]

E[I−t ] ≥ −E[It] + E[It]
i

∑
k=1

pk −
i

∑
k=1

pkE[ωk|Ωk]σ[d1 + . . . + dt] + eWσ[d1 + . . . + dt] for i = 1, . . . , W

E[I+t ] ≥ −E[It] + eWσ[d1 + . . . + dt]

where pk, E[ωk|Ωk], and eW are constants that are tabulated in
[Rossi et al., 2014b]; a sample linearisation is shown in Fig. 107.

−2 −1 0 1 2
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1.5
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Q

E(Q− ζ)+

piecewise linearisation
linearisation error

Fig. 107 Edmundson-Madansky [Birge,
2011] (upper) piecewise linearisation (4
segments) of the complementary first
order loss function [Rossi et al., 2014b]
for a standard normal random variable
ζ. Note that the maximum piecewise
linearisation error is eW .

The Python code implementing this mathematical programming
model is presented below.

import sys
from docplex.mp.model import Model
sys.path.insert(0,’/Applications/CPLEX_Studio1210/cplex/Python/3.7/x86-64_osx’)

# http://ibmdecisionoptimization.github.io/docplex-doc/mp/creating_model.html
# http://www-01.ibm.com/support/docview.wss?uid=swg27042869&aid=1

import math, networkx as nx, itertools
from typing import List

class RQ_CPLEX(StochasticLotSizing):
"""
Solves the RQ problem as an MILP.
"""
def __init__(self, K: float, h: float, p: float, d: List[float], std_d:

List[float], I0: float = 0):
"""
Create an instance of a RQ problem.

Arguments:
K {float} -- the fixed ordering cost
h {float} -- the per unit holding cost
d {List[float]} -- the demand in each period
I0 {float} -- the initial inventory level

"""
super().__init__(K, h, p, d, I0)
self.std_demand = std_d
self.W = 5 # 5 partitions, 6 piecewise segments
# constant linearisation parameters from [Rossi et al., 2014]
self.prob = [0.1324110437406592, 0.23491250409192982, 0.26535290433482195,

0.23491250409192987, 0.13241104374065915] # p_k
self.E = [-1.6180463502161044, -0.6914240068499904, 0, 0.6914240068499903,

1.6180463502161053] # E[\omega_k|\Omega_k]
self.e = 0.022270929512393414 # e_W
self.model()

def model(self):
model = Model("RQ")
T = len(self.d)
idx = [t for t in range(0,T)]
self.Q = model.continuous_var_dict(idx, name="Q")
I = model.continuous_var_dict(idx, name="I") # E[I]
Ip = model.continuous_var_dict(idx, name="Ip") # E[I^+]
Im = model.continuous_var_dict(idx, name="Im") # E[I^-]
delta = model.binary_var_dict(idx, name="delta")

for t in range(T):
model.add_constraint(model.if_then(delta[t] == 0, self.Q[t] == 0))
model.add_constraint(self.I0 + model.sum(self.Q[k] - self.d[k] for k in

range(t+1)) == I[t])
model.add_constraint(I[t] == Ip[t] - Im[t])

for n in range(self.W): # complementary first order loss function
model.add_constraint(Ip[t] >= I[t] * sum(self.prob[k] for k in

range(n+1)) - sum([self.prob[k]*self.E[k] for k in range(n+1)]) *
math.sqrt(sum([self.std_demand[k]**2 for k in range(t+1)])) +
self.e * math.sqrt(sum([self.std_demand[k]**2 for k in
range(t+1)])))

model.add_constraint(Ip[t] >= self.e * math.sqrt(sum([self.std_demand[k]**2
for k in range(t+1)])))
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for n in range(self.W): # first order loss function
model.add_constraint(Im[t] >= -I[t] + I[t] * sum(self.prob[k] for k in

range(n+1)) - sum([self.prob[k]*self.E[k] for k in range(n+1)]) *
math.sqrt(sum([self.std_demand[k]**2 for k in range(t+1)])) +
self.e * math.sqrt(sum([self.std_demand[k]**2 for k in
range(t+1)])))

model.add_constraint(Im[t] >= -I[t] + self.e *
math.sqrt(sum([self.std_demand[k]**2 for k in range(t+1)])))

model.add_constraint(Ip[t] >= 0)
model.add_constraint(Im[t] >= 0)

model.minimize(model.sum(delta[t] * self.K + self.h * Ip[t] + self.p * Im[t]
for t in range(T)))

model.print_information()
self.msol = model.solve()
if self.msol:

model.print_solution()
else:

print("Solve status: " + self.msol.get_solve_status() + "\n")

def order_quantities(self) -> List[float]:
return [self.msol.get_var_value(self.Q[t]) for t in range(0,len(self.d))]

def optimal_cost(self) -> float:
return self.msol.get_objective_value()

instance = {"K": 300, "h": 1, "p": 20, "d":[100,100,100,100,100,100,100,100],
"std_d" : [10,10,10,10,10,10,10,10], "I0": 0}

ww = RQ_CPLEX(**instance)
print(ww.order_quantities())
print(ww.optimal_cost())

Fig. 108 Simulating the (R, Q) pol-
icy for Example 37. The simulated
total cost is 2063.04, which is close to
that estimated by the mathematical
programming model we presented.
Observe how the end of period inven-
tory at the end of each replenishment
cycle appears to increase as

√
t. If we

simulate this system for an infinite
number of periods, the expected total
cost per period will diverge and go
to infinity. An (R, Q) policy therefore
does not control the system in the
long run. To overcome this problem,
one can implement a “rolling horizon”
control strategy, in which the model
is solved for a finite time window, but
only the first order quantity Q∗1 in
the solution is taken into account and
actually implemented (or no order
is placed if Q∗1 = 0, i.e. if the initial
inventory I0 is sufficient). Then, after
a period has passed and demand has
been observed, inventory is reviewed,
the finite time window is “rolled” by
one period, the model is solved again,
and the process is repeated. When
implemented in the context of a rolling
horizon control strategy, the (R, Q)
policy becomes a competitive control
policy [Dural-Selcuk et al., 2020].

Example 37. We consider an instance over a planning horizon of T = 8
periods. Demand is normally distributed in each period with the following
mean and standard deviation.

t 1 2 3 4 5 6 7 8

µt 100 100 100 100 100 100 100 100

σt 10 10 10 10 10 10 10 10

Q∗t 223 0 209 0 207 0 206 0

Other problem parameters are: K = 300, h = 1, and p = 20. We solve
the problem using the mathematical programming model presented. The
expected total cost of the optimal solution is 1958, the associated order
plan (optimal order quantities Q∗t ) is presented in the previous table.
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The (R, s, S) policy

We consider the same problem addressed in [Scarf, 1960]: inventory
of a single item subject to random demand must be controlled over
a planning horizon of n periods under fixed ordering (K), holding
(h), and backorder penalty (p) cost. However, we now also include a
cost W for reviewing inventory at the beginning of a period.

To control the system, we adopt a hybrid policy that blends the
stability of the (R, S) policy and the flexibility of the (s, S) policy.
Under an (R, s, S) policy, at the beginning of each replenishment
cycle of length R inventory is reviewed at a cost W, if the initial
inventory position is below the reorder threshold s, one should
issue an order and raise the inventory position up to S (Fig. 109).
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Fig. 109 An (R, s, S) policy.

To compute near optimal (R, s, S) policy parameters, one may
rely on a blend of two approaches previously presented [Visentin,
2020]: replenishment cycle lengths Rt and associated order-up-to-
positions St can be computed by leveraging the Python code in
Listing 74, which computes near optimal (R, S) policy parameters;
then, for each replenishment cycle, one may determine the asso-
ciated reorder threshold s by amending the Stochastic Dynamic
Programming algorithm for computing optimal (st, St) policy pa-
rameters presented at page 137, so that the order quantity can be
non-zero only at the beginning of each replenishment cycle. In both
cases, one should set the fixed ordering cost to K + W, so that the
review cost is taken into account while computing a reorder plan.

Example 38. We consider an instance of the stochastic lot sizing problem
over a planning horizon comprising N = 4 periods. Demand in each
period follows a Poisson distribution with mean λt. The values of λt are
shown in the following table.

t 1 2 3 4

λt 20 40 60 40

The review cost is W = 10, the fixed ordering cost is K = 100, for the
sake of simplicity the per unit ordering cost is v = 0, holding cost is h = 1,
and penalty cost is p = 10.

The optimal (Rt, st, St) policy cost for the instance presented in
Example 38 is 352.3; the optimal (Rt, st, St) policy parameters for
each period t are shown in the following table.

t 1 2 3 4

Review X X
St 67 109

st 46 86

A mathematical programming approach for computing (R, s, S)
policy parameters is discussed in [Visentin et al., 2021].






