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Prologue: Naming Numbers

In themathematics I can report no deficience, except it be that men do not sufficiently
understand this excellent use of the pure mathematics, in that they do remedy and
cure many defects in the wit and faculties intellectual. For if the wit be too dull, they
sharpen it; if too wandering, they fix it; if too inherent in the sense, they abstract it.

Sir Francis Bacon, The Advancement of Learning, 1605
When I was very young I asked my father: ’What is the largest number

you know?’ and he answered ’octillion’. At the time I diid not know any
compact notation forwriting large numbers, such aswriting them in powers
of 10, but I soon decided that an octillion, whatever it might look like, must
be too small to be the largest number. After all, if you add 1 to it you get a
bigger one!

The obvious answer, I decided, was to count to infinity, or at least far
enough to find a number for which I would need to invent a new name. I
resolved to try this in bed that night, but sleep overcame me soon after the
12, 000th sheep. But Iwas now clear that there is no such thing as ‘the largest
whole number’.

And that is something that strikes me as quite profound. After all,
our senses provide us with information that reflects the finiteness of our
surroundings—even if they may seem forbiddingly large when you’re six
years old—yet here we have a system of allocating names, or symbols, that
is essentially without any limits. How does this system of numbering, ab-
stracted by us as a collective mental construct, reflect the finite physical en-
vironment? Or does our perception of the need for counting not originate
in the observation of our immediate surroundings?

Counting numberswere used for practical purposes in pre-historic times.
Whether hunting or gathering, farming or trading, even in battle, no-one
could readily escape the need to distinguish between ‘one’, ‘two’ and ‘many’:
for example, when describing a pack of wolves, the day’s wild fruit pick-
ings, a flock of sheep, sacks of corn offered for exchange, or the size of the
enemy’s clan. Simple tallying, such as recording the number of any group
with notches on a stick or a collection of pebbles, probably preceded the
actual naming of numbers, but at some stage the need to invent verbal de-
scriptions of the counting process became unavoidable.

c© Ekkehard Kopp CC BY 4.0 https://doi.org/10.11647/OBP.0236.12



2 PROLOGUE: NAMING NUMBERS

Today, we have become so used to our decimal system of naming the
numbers we use every day that questions about the origin of their names
seldom enter our consciousness—we learn them at mother’s knee, at the
same time as the alphabet. Usually we start by counting on the fingers of
both hands.

1. Naming large numbers

In any event, Imight have had troubleworking outwhat ‘octillion’ could
mean, since even now there is no universal agreement about the names of
various (fairly) large numbers! Everyone agrees that we call a thousand
times a thousand a million. In the decimal system we ‘add a zero’ when-
ever we multiply to 10 and we have a convenient shorthand notation, using,
for example, 1000 = 10×10×10 = 103, where the exponent 3 simply shows
how many times we multiplied by 10. Similarly, we write one million as
103× 103 = 106. After that, however, different naming conventions emerge.

If, like my father, you are German, or any continental European, you
would (today) stick to the Latin origins of the terms we might use when
multiplying amillion times—whichmeans thatwe add six zeroes each time:

a billion is a ‘bi-million’, which is obtained bymultiplying amillion (106)
by a million (106), so it becomes 106 × 106 = 1012,

a trillion (tri-million) is a million billion (106 × 1012 = 1018),
a quadrillion becomes a million trillion (106 × 1018 = 1024),
and we continue via quintillion, sextillion, septillion—adding 6 to the

exponent each time—to reach octillion as 1048.
You could go on to nonillion (1054) and decillion (1060), although these

terms reached the Oxford English Dictionary only relatively recently and the
dictionary entry currently stops there. Not to be outdone, Wikipedia lists
100 such number names—each amillion times the previous one—up to cen-
tillion (10600).

This continental European number naming scale is now known as the
long scale. It certainly has a long history. One of the earliest consistent ac-
counts of number names generated in this fashion occurs in a 1484 article
Triparty en la science des nombres by the French mathematician Nicolas Chu-
quet (c.1445-c.1488) who mentions number names very similar to the above,
up to ‘nonyllion’, and continues: ‘and so on with others as far as you wish
to go’.

TheAmerican version of these number names is known as the short scale
In this scale, having reached a million, we then create a new number name
when we’ve reached a thousand times the previous one. In terms of powers
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Figure 1. 1021 pengo banknote1

of 10, in the short scalewe create newnameswheneverwe add 3 to the expo-
nent. In this scale a billion is therefore a thousandmillion (103×106 = 109),
although the Europeans confuse matters by calling 109 a milliard instead!

Continuing up the short scale, we reach a trillion as a thousand (short-
scale) billion (103 × 109 = 1012), so a short-scale trillion is the same num-
ber as a long-scale billion. And so it goes on, confusing us all. Just for the
record: repeatedly multiplying by 103 means that the short-scale octillion is
a mere 1027—while in the long scale, 1027 becomes a thousand quadrillion,
so perhaps it should really be a ‘quadrilliard’?

Currently, the USA, UK andCanada—andwith themmost other Anglo-
phone aswell as Arabic-speaking countries—use the short scale, whilemost
countries in Europe, plusmost French, Spanish or Portuguese-speaking coun-
tries elsewhere, prefer the long scale. Brazil is a rather large South-American
exception to this rule, while many Asian countries, notably China, India,
Japan, Pakistan and Bangladesh, employ different number-naming systems
altogether.

Number names beyondquadrillion (in either scale) are used fairly rarely.
During periods of hyperinflation—in Germany in 1923, Hungary in 1946,
or more recently, Serbia or Zimbabwe—some bank notes with very high
denominations were used briefly. The highest was a Hungarian banknote
nominally worth 1021 pengo, which was printed but never issued. Hungary
uses the long scale and, since 1021 = 109 × 1012, the nominal value of the
note was shown proudly as one milliard billion pengo, or ‘egy milliard b.-
pengo’. (Had they used the short scale they could have called it ‘sextillion
pengo’.)

In any event, there is no real need to invent names for large numbers,
since what we call scientific notation solves problems of this kind at a stroke,
simply by use of the decimal point and powers of 10. So we can write
1, 250, 000 (‘one-and-a-quarter million’) as 1.25 × 106, for example. Scien-
tific notation enables us to compare large numbers quite simply: the order
of magnitude is given by the power of 10 (the exponent) we need to use when

1https://commons.wikimedia.org/wiki/File:HUP_1000MB_1946_obverse.jpg

https://commons.wikimedia.org/wiki/File:HUP_1000MB_1946_obverse.jpg
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we describe the number in this fashion. Thus, the estimated age of the uni-
verse is given as 4.32× 1017 seconds, the number of stars in the observable
universe is around 7× 1022, the most massive black hole so far observed is
said to weigh some 8 × 1040 kilogrammes (recall that a kilogramme is 103

grammes) and so on.
And it works just as well for very small numbers: we simply replace

positive exponents by negative ones (that is, we divide, rather thanmultiply,
by various powers of 10). In this notation, Planck’s constant, the ‘quantum of
action’ in quantum mechanics, is 6.62606957 × 10−34 (the units are metre-
squared kilogramme per second, since you ask), while an electron ‘weighs’
about 9.11 × 10−28 grammes. So the truth is that we needn’t really worry
about ‘naming’ large numbers at all!

2. Very large numbers

I raised my innocent question about large numbers nearly five decades
before the advent of Google, so perhaps it was not altogether surprising that
my father was unaware that in 1920 the nine-year old Milton Sirotta had al-
ready invented the name googol for a large number that his uncle, the math-
ematician Edward Kasner, had dreamt up. A googol can be written as a 1
followed by a hundred zeros—or, more compactly, as 10100.

In [24] Kasner reported that they had then invented ‘googolplex’ as a
number with 1 followed by ‘writing zeroes until you got tired’, upon which
Kasner decided to allocate this name to the number with a googol of ze-
ros; in other words, 1010100 . Of course, we can go on and on. For example,
Googlewill tell you that a ‘googolplexian’ has been defined as 101010100 , which
is written as a 1 followed by a googolplex of zeros!

Why anyone should care, I am not sure, but perhaps we can ask Google.
After all, its name is a misspelling of ‘googol’ (apparently the mistake oc-
curred in 1997 while searching for an available internet domain name for
the new company) and it cheekily misspells its headquarters similarly as
‘Googleplex’.

In the last half-century even larger numbers have been devised, some
of which were put to good use in advanced areas of modern mathemat-
ics. We will not attempt to discuss them here, except to say that several
of these numbers are too large even for our scientific notation. Take, for
example, Graham’s number, which was devised by the US mathematician
Ronald Graham in 1977 and for some years was regarded as the largest yet
defined explicitly. It is so large that the observable universe is much too small
to contain any decimal (base 10) representation of it, even if each digit is
made unimaginably small—for example if each digit occupies only a sin-
gle Planck volume—which is 4.2217 × 10−105 cubic metres (or, if you prefer,
4.2217× 10−78 cubic millimetres).
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Several leadingmathematicians, notablyDonald Knuth, have devised so-
phisticated notational ‘shorthand’ methods to describe such huge numbers.
This, however, is likely to remain a distinctly minority sport!

Butmodern number enthusiasts have an illustrious forerunner; onewho
was active more than 2000 years ago.

3. Archimedes’ Sand-Reckoner

In the third century BCE the Ancient Greek mathematician Archimedes
(287-212 BCE)—arguably the greatest of all time—illustrated the power of
mathematical reasoning by calculating an upper bound for the number of
grains of sand needed to fill the known universe.2 His paper, now known
as the Sand-Reckoner, was addressed to Gelon (also known as Gelo II), the
‘tyrant’ (regent) of his home town of Syracuse in Sicily. It is a careful and
quite accessible exposition of his calculations. It has been called ‘the first
research-expository paper ever written’ (see [45] for details).

The standard translation [19] begins with a bold claim:
There are some, king Gelon, who think that the number of the sand is infinite

in multitude; and I mean by the sand not only that which exists about Syracuse and
the rest of Sicily but also that which is found in every region whether inhabited or
uninhabited. Again there are some who, without regarding it as infinite, yet think
that no number has been named which is great enough to exceed its magnitude. And
it is clear that they who hold this view, if they imagined a mass made up of sand in
other respects as large as the mass of the earth filled up to a height equal to that of
the highest mountains, would be many times further still from recognising that any
number could be expressed which exceeded the multitude of the sand so taken. But I
will try to show you by means of geometrical proofs, which you will be able to follow,
that, of the numbers named by me and given in the work which I sent to Zeuxippus,
some exceed not only the number of the mass of sand equal in magnitude to the Earth
filled up in the way described, but also that of the mass equal in magnitude to the
universe.

3.1. Greek numerals. First of all, Archimedes had to develop a new
system of numerical notation. Like our decimal system, the Greek alphanu-
meric system in his day used 10 as its base, but instead of developing a sys-
tem of number symbols, the Greeks simply assigned different letters of their
alphabet to successive numbers. Three of the letters used, representing our
numbers 6 ϝ, 90 ϟ and 900 ϡ are obsolete and no longer appear in the Greek
alphabet.

Numbers below 1000 are represented bymeans of 27 symbols as follows:

2In keepingwithmodern practice wewill use the letters BCE (Before Common Era) rather
than BC (Before Christ). Dates referring to the Common Era (previously denoted by AD, e.g.
AD 750) will be referred to without prefix or suffix, e.g. Carl Friedrich Gauss (1777-1855).
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Figure 2. Archimedes by Domenico Fetti, 16203

α, β, γ, δ, ε,ϝ, ζ, η, θ denote what we call ‘units’, 1, 2, 3, 4, 5, 6, 7, 8, 9;

ι, κ, λ, µ, ν, ξ, o, π,ϟ denote our ‘tens’ 10, 20, 30, 40, 50, 60, 70, 80, 90;

ρ, σ, τ, υ, φ, χ, ψ, ω,ϡ denote 100, 200, 300, 400, 500, 600, 700, 800, 900.

A number such as 243 is then given in additive notation as σµγ, indi-
cating that we should add together the numbers (200, 40 and 3) that are
denoted by these three symbols. Similarly, what we would write as 571 is
depicted by φoα. The sum of these two numbers (814) is then written as
ωιδ. Although this procedure may suffice for writing down the result of a
simple calculation (possibly performed with an abacus or similar mechan-
ical device) the actual process of addition is not easily memorised. By way
of contrast, in our positional decimal number system, in writing the number
two-hundred-and-forty-three as 243, we perform an addition, not with the
symbols 2, 4, 3 by themselves, but (2× 100) + (4× 10) + 3. Our ten number
symbols are all we need, since the positions of the digits 2, 4, 3 tell us that we
mean two hundreds, four tens and three units.

Moving on to larger numbers, in the Greek system ‘thousands’ were
expressed by preceding the corresponding letter used for units by a mark
to its left: for example, ′θ for 9000, so that 9, 258 would become ′θσνη or,
alternatively, ′θσνη. Here the line above the letters indicated that one is
dealing with a number rather than a word. This gave them specific symbols
that combined to produce numbers up to 9999. The next number, 10, 000,
was denoted by M. They could now combine these symbols and express
larger numbers by using multiples ofM and writing the multiplication fac-
tor above the letterM—for ease of typing this is shown as a ‘power’ in the

3https://commons.wikimedia.org/wiki/File:Domenico-Fetti_Archimedes_1620.jpg

https://commons.wikimedia.org/wiki/File:Domenico-Fetti_ Archimedes_1620.jpg
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following example:
30, 254 = Mγσµδ.

TheGreekword for the symbolM was µυρiας , later translated asmyriad
in Latin, and I will adopt the latter term. For his task, however, Archimedes
needed a system in which much larger numbers could be expressed con-
cisely.

3.2. Archimedes’ number system. In the long scale version of our dec-
imal system, once numbers up to a million have been named, one does
not need a new number name until a million million, that is, a (long-scale)
billion. The system Archimedes developed followed a similar pattern: he
called the numbers up to a myriad myriads ‘first numbers’ and proceeded
to make the final number the unit of his second system of numbers. In other
words, numbers from then on are counted using multiples of this nunber.
Expressed in terms of powers of 10, Archimedes’ first numbers are all the
numbers up to 108 (one-hundred million): sinceM = 10, 000 = 104, a myr-
iad myriads is 104 × 104 = 108.

In order tomake sense of his system, Archimedes used the fundamental
rule for multiplying powers; in our terms this rule is that, for any numbers
a, b,

10a × 10b = 10a+b.

Having made 108 the new unit, or, as he called it, the ‘unit of the sec-
ond numbers’, he was now able to keep counting until he reached a myriad-
myriad times this unit, i.e. 108 × 108 = 1016. This number now became
the ‘unit of the third numbers’ and he counted multiples of 1016 as his ‘third
numbers’ reaching what we would call 1024, since we can count up to 108 of
these units. Then 1024 becomes the ‘unit of the fourth numbers’, etc., and we
can continue until we reach the ‘myriad-myriadth’ unit.

This provides a very large number, obtained bymultiplying 108 by itself
108 times, so we would write it as

(108)108

= 108 × 108 × ....× 108

where the product on the right has 108 entries. Wewouldwrite it as 108×108

;
written out it is 1 followedby 800million zeros. Not yet satisfied, Archimedes
then called all the numbers he had just defined the ‘numbers of the first period’,
and again made the last one, namely (108)108 , the ‘unit of the second period’.
Defining a new period each time, he could now construct a myriad-myriad
periods, the last number therefore being

[(108)108

]108

= 108×1016
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Wewould write this number as a 1 followed by 8× 1016 zeros. In terms
of the long scale, the number of zeros required to write out this number is
eighty-thousand billion (or 80 quadrillion in the short scale). But no-one
lives long enough to write it down in full: a day has 24 × 3600 = 86, 400
seconds, hence, if a million people each wrote down one 0 every second,
this collective would still need over 2500 years to complete the task! Thus
Archimedes’ system certainly names some very large numbers—but would
it suffice to count the number grains of sand required to fill the universe?

3.3. Astronomical models. To determine this, Archimedes needed to
decide on the astronomical model on which he would base his calculations.
The models prevailing in his time were geocentric, placing the Earth at the
centre of the universe and modelling planetary motions though a complex
system of concentric spheres, rotating about the Earth at differing angles of
rotation. As for the size of the universe, he begins by reminding Gelon of
prevailing opinion:

Now you are aware that ‘universe’ is the name given by most astronomers to
the sphere whose centre is the centre of the earth and whose radius is equal to the
straight line between the centre of the sun and the centre of the earth. This is the
common account, as you have heard from astronomers.

It is something of a puzzle (see e.g [11]) whyArchimedes seems to claim
that most astronomers of his time took the Earth-Sun distance as the radius
of the ‘universe’, since the philosopher Aristotle (384-322 BCE) had asserted
confidently, in his Meterologica, that ‘the distance of the stars from the earth is
many times greater than the distance of the sun’. Thisworkwill have been known
to Archimedes and his scientific contemporaries. Perhaps, in addressing
his paper to King Gelon, who was probably more familar with astrology
than astronomy, Archimedes felt that he had to acknowledge the layman’s
perception before contradicting it convincingly.

But Archimedes then draws Gelon’s attention to an earlier proposal by
Aristarchus for a heliocentric model of planetary motion, in which the Earth
and the five visible planets orbit the Sun. Sadly, the original is lost, and
Archimedes’ comments comprise most of what we know about this pro-
posal:

But Aristarchus of Samos brought out a book consisting of some hypotheses,
in which the premisses lead to the result that the universe is many times greater
than that now so called. His hypotheses are that the fixed stars and the sun remain
unmoved, that the earth revolves about the sun in the circumference of a circle, the
sun lying in the middle of the orbit, and that the sphere of the fixed stars, situated
about the same centre as the sun, is so great that the circle in which he supposes the
earth to revolve bears such a proportion to the distance of the fixed stars as the centre
of the sphere bears to its surface.

Archimedes continues:
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Now it is easy to see that this is impossible; for, since the centre of the sphere has
no magnitude, we cannot conceive it to bear any ratio whatever to the surface of the
sphere. We must however take Aristarchus to mean this: since we conceive the earth
to be, as it were, the centre of the universe, the ratio which the earth bears to what
we describe as the ‘universe’ is the same as the ratio which the sphere containing the
circle in which he supposes the earth to revolve bears to the sphere of the fixed stars.
For he adapts the proofs of his results to a hypothesis of this kind, and in particular
he appears to suppose the magnitude of the sphere in which he represents the earth
as moving to be equal to what we call the ‘universe.’

AsArchimedes notes, Aristarchus’ stated assumption would lead to the
conclusion that the fixed stars are ‘infinitely far away’, since the centre of a
sphere (a dimensionless ‘point’) cannot be compared with the surface of the
sphere.4 He recognises that Aristarchus’ model would yield a much greater
radius for the sphere of the fixed stars than what he said was commonly as-
sumed for the geocentric ‘universe’, namely the distance between the Earth
and the Sun.

Thus, in order to find an upper bound for the size of the universe while
continuing to work within a geocentric model (‘since we conceive the earth to
be, as it were, the centre of the universe’), he interpretsAristarchus’ statement by
equating the ratio of the diameter of the Earth (d(E)) to that of the Earth’s
supposed orbit around the Sun (d(ES)), with the ratio of the latter to the
diameter of the sphere of the fixed stars (d(S)). This provides the equation

d(E)

d(ES)
=
d(ES)

d(S)
.

Since d(ES) must be much greater than d(E), the diameter of the universe
is now taken to be d(S), i.e. the diameter of the sphere (centred at the Earth)
containing the fixed stars. The equality means that in order to estimate d(S)
he only needs estimates for the other two diameters. This proved to be a
more manageable task, although the details would lead us too far afield—
for amodern exposition, see [45]. Armedwith estimates for d(E) and d(ES),
Archimedes was able to conclude that the diameter of the universe cannot
be greater than 1014 stadia (a stadium amounts to about 180 metres in our
terms).

3.4. Grains of sand to fill the universe. Finally, Archimedes has to es-
timate the size of a grain of sand and compute how many grains would fill

4Heath [20], p. 309, comments: While it is clear that Archimedes’ interpretation is not
justified, it may be admitted that Aristarchus did not mean his statement to be taken as a math-
ematical fact. He clearly meant to assert no more than that the sphere of the fixed stars is in-
comparably greater than that containing the earth’s orbit as a great circle ; and he was shrewd
enough to see that this is necessary in order to reconcile the apparent immobility of the fixed
stars with the motion of the earth. The actual expression used is similar to what was evidently
a common form ofwords among astronomers to express the negligibility of the size of the earth
in comparison with larger spheres.
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a sphere of radius one stadium. He first estimates that 40 poppy seeds, laid
side-by-side, would measure approximately one finger-breadth (the Greek
dactyl) which is about 1.9cm. A cube of this length contains 403 = 64× 103

seeds. He then claims (without explanation) that, in volume, a poppy seed
equals about a myriad (104) grains of sand, and promptly rounds up the
product (64× 103 × 104) of these numbers to 109. Finally, he rounds up to a
myriad (104) the number of finger-breadths in a stadium—which is only a
slight over-estimate this time. This gives him an upper bound for (the order
of magnitude of) the number of grains of sand filling a sphere of diameter
one stadium: since volumes change as the cube of the diameter, he (over)-
estimates this as (104)3 × 109 = 1021. Therefore, he concludes, the universe,
having a diameter no more than 1014 stadia, can be filled up by using no
more than (1014)3 × 1021 = 1063 grains of sand.

Now 1063 is certainly a pretty big number. Yet, as Archimedes points
out, this number is easily accommodated well within the first period of his
numbering scheme: it is expressed as a thousand myriad units of the eighth or-
der of numbers,whichwewould, in turn, express as 107×1056 in ourmodern
notation.

Today we do not work in terms of grains of sand, but use nucleons (the
fundamental particles with mass making up the nucleus of an atom) and
our best estimate of the number of nucleons making up the observable uni-
verse is in the order of 1080. This is known as Eddington‘s number. And,
since a grain of sand contains about 1017 nucleons, Eddington’s number
has the same order of magnitude as the number of nucleons contained in
Archimedes’ 1063 grains of sand! It would be wise, however, not to read too
much into this surprising coincidence, especially since Archimedes’ objec-
tive was not to find accurate estimates, but simply to show how very large
numbers could be identified within a coherent nomenclature.

4. A long history

Having taken for granted the notion of counting, we have so far encoun-
tered only whole numbers and decimal fractions. Nothing has yet been
said about basic arithmetic. Rather than begin such a discussion with a
pre-ordained set of rules, such as those learned in primary school, I will
explore the gradual development of arithmetic in a historical context to il-
lustrate how our concept of number was widened repeatedly in order to
describe all the possible solutions of various mathematical problems. In the
process we will encounter different notational and conceptual approaches
to the writing and manipulation of numbers, mirrored in the evolution of
the expression of practical problems in mathematical terms, first in verbal
descriptions and later by means of equations.
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One example of this process is the gradual development of awareness
that allowing only solutions consisting of positive whole numbers is an un-
sustainable restriction. Today, of course, handling negative numbers causes
us no difficulties, familiar as we are with temperatures below zero and neg-
ative bank balances! In earlier times, mathematicians in different parts of
the world struggled to accept negative numbers as meaningful entities and
to devise rules for manipulating them. It was only in the sixteenth century
that some European mathematicians began to accept negative numbers as
meaningful entities.5

Although, as we shall see, the Ancient Greeks did not regard fractions
as numbers per se, their deep and highly influential researches into geom-
etry extensively employed ratios of two (positive) whole numbers as a way
of measuring the relative sizes of quantities such as lengths, areas or vol-
umes. While philosophers argued whether such ratios should be regarded
as numbers or not, their practical significance ensured that they were stud-
ied in detail by early mathematicians. Greek mathematics, with few excep-
tions, remained focused on geometry rather than arithmetic; other early tra-
ditions, in Egypt and especially in Babylon, developed effective arithmetical
techniques to handle many specific practical problems involving ratios.

Despite the dominance of rigorous Greek geometry in the surviving
ancient texts, fortunately preserved and further developed by Arab math-
ematicians between the eighth and eleventh centuries, aspects of all these
different traditions can be found in the transmission of the ‘wisdom of the
ancients’ to early modern Europe from the twelfth century onwards. Euro-
pean mathematicians of the Renaissance readily accepted that fractions can
be treated as numbers which can be added or multiplied. They recognised
that one can always express a ratio of two whole numbers in ‘lowest terms’
by cancelling common factors, so that, for example, 2

4 ,
3
6 , etc., all represent

the same relationship as 1
2 , and lead to the same rational number.

On the other hand, an air of mystery continued to surround the results
of a geometric construction (and, later, the nature of certain solutions of an
equation) where the quantity required could not be expressed precisely in
terms of a ratio of two whole numbers. Today we still call such numbers,
like

√
2 or π, irrational. Defining irrational numbers rigorously in arith-

metical terms (rather than describing them negatively, as ‘not rational’, or
by means of geometric constructions) posed a continuing theoretical chal-
lenge, althoughmathematicians throughout the ages found ingenious ways
of approximating these mysterious quantities to a high degree of accuracy

5In this they were much slower than their counterparts elsewhere. In China, for example,
negative numbers appeared in the Nine Chapters on the Mathematical Art (Han dynasty, some
2000 years ago). Rules for their manipulation—including with rods of different colours for
positive and negative numbers—were in place by the third century. See Footnote 1, Chapter
1.)
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by what we now call rational numbers. The question how we should define
irrational numbers as members of a logically consistent number system on
which to base arithmetic, was only tackled consistently in the latter half of
the nineteenth century. It took until the 1870s for the (almost) universally
accepted real number system to be cast in its modern form in a way that could
underpin modern mathematics and its many applications.

It will also take us quite a while to get there in this book. I will start at
the beginning by looking at someof our earliest reliable evidence concerning
number systems.


