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CHAPTER 10

Solid Foundations?

Democritus said: ’That truth did lie in profound pits, and when it was got it need
much refining.’

Sir Francis Bacon, in A Collection of Apophthegms, New and Old, 1625

Summary

In this final chapter we observe how various paradoxes led to the effec-
tive abandonment of the logicist programme in favour of the establishment
of an axiom system for set theory—initiated by Ernst Zermelo in 1908—that
avoids these paradoxes and that has (to date) not been shown to be inconsis-
tent. We then focus on debates about the Axiom of Choice, which was not
included in Zermelo’s system, but first made explicit in his proof of Cantor’s
Well-Ordering Principle. It created lively debates about permissible proof
methods in mathematics, particularly in France.

Differences in perception between the twogiants ofmathematics around
the turn of the twentieth century, Poincaré in France andHilbert inGermany,
later developed—via the injection of the intuitionist philosophy of the Dutch
mathematician L.E.J. Brouwer into this debate—into open conflict and a cri-
sis of confidence in the foundations of the subject. A technical discussion
of these arguments is beyond the scope of this book and we present only a
brief outline.

Hilbert’s hopes of foundingmathematics on a formalist viewpoint, avoid-
ing all discussion of the ‘nature’ of mathematical objects, was dealt a lethal
blow in 1930 by the incompleteness theorems of Kurt Gödel. Thus, advances in
mathematical logic, a subject that owes its early development to the ques-
tions raised by the work of Cantor and Dedekind, ultimately forced math-
ematicians to adopt a more cautious attitude to the nature of mathematical
truth.

I cannot hope to improve on the succinct, non-technical, description
given to these events by John vonNeumann,written in 1947 and quoted here
at some length. The final section of this chapter, however, is devoted to a
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234 10. SOLID FOUNDATIONS?

brief description of how infinitesimals, having been banished in the late nine-
teenth century, have made a modest comeback since 1960, notably through
the efforts of the logician Abraham Robinson.

1. Avoiding paradoxes: the ZF axioms

Although held in high regard by specialists, Russell and Whitehead’s
Principia did not have a decisive influence on the directions of mathematical
research in the early decades of the twentieth century. In part, this was due
to the formulation, by Ernst Zermelo in 1908, of an apparently consistent
system of axioms for set theory within mathematics, using the notion of set as
an undefined term (much as Euclid does with point and line, despite appear-
ances). Zermelo’s axiom systemwas later added to and completed byAbra-
ham Fraenkel (1891-1965) and Thoralf Skolem (1881-1963) and is today known
simply as ZF. The relationship of the ZF axiom system to key questions that
Cantor’s groundbreaking work had left unresolved, such as whether every
set can be well-ordered and the Continuum Hypothesis, became a signifi-
cant topic of research over the next half-century.

Any precise specification of the axioms of ZF requires a background
in formal mathematical logic—which was not flagged as a pre-requisite for
reading his book! We must therefore be content with a brief informal de-
scription of the restrictions on set formation that Zermelo and his successors
considered necessary to avoid antinomies such as the ones indicated at the
end of the previous chapter.

Cantor had already expressed the hope that avoiding the use of notions
such as ‘the set of all sets’ of a specific kind might suffice to banish contra-
dictions, but he never specified how this might be done without also inval-
idating proofs that appeared to produce useful correct results. Russell also
suggested early on that avoiding notions such as the ‘class of all entities’ of
a particular type would lead ‘naturally’ to the view that the set of objects
satisfying a functional proposition should be required to be equipotent to
some initial segment of the ordinal numbers. These ideas, however, did not
distinguish successfully between all types of antinomies.

In particular, a ‘semantic’ paradox first described by the French math-
ematics teacher Jules Richard (1862-1956) in 1905, applied Cantor’s second
diagonal argument to the set E of all decimal expansions between 0 and 1
that can be defined (in English, say) in a finite number of words. This set must
be countable, and thus can be presented as a sequence (rn)n of real num-
bers: start with all two-letter combinations in alphabetical order, then all
three-letter combinations similarly, and so on. Delete all those that do not
define a real number between 0 and 1 (represented here by an infinite dec-
imal expansion). Thus the set E of all real numbers that can be defined in
a finite number of words can be written as a sequence, that is, as a well-
ordered denumerable set {r1, r2, ..., rn, ...}.Now, by using this sequence (in
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other words, by making reference to E), Richard describes how to define
a decimal expansion (hence a real number) that is not equal to any of the
rn. Call this decimal expansion x. If the decimal expansion defining rn has
digit p in the nth place and p is neither 8 nor 9, then the nth digit of xwill be
defined as p+ 1. If the nth digit of rn is 8 or 9 we take the nth digit of x as 1.
But now we have used a finite number of (English) words to define x and x
is not in E,which contradicts the definition of E.

Richard’s paradoxwas picked up byHenri Poincaré (1854-1912), then the
undisputed doyen of Frenchmathematics, who had remained critical of var-
ious aspects of research into the foundations of mathematics. Poincaré ar-
gued that the paradox arose precisely because the collection E itself is used
in defining x; in other words, we end up in a ‘vicious circle’. According to
Poincaré this could be avoided by definingE simply as ‘the aggregate of all the
numbers definable by a finite number of words without introducing the notion of the
aggregate E itself ’. Peano and Zermelo disagreed, since a ‘circular definition’
is normally one that uses the term to be defined in the expression defining
the term itself, and this was not the case here. But the paradox remained.

The use of terms such as definable itself leads to difficulties, such as in the
Berry paradox, which Bertrand Russell ascribed to GG Berry (1867-1928), an
Oxford librarian. Berry observed that the phrase ’the smallest positive integer
not definable in under sixty letters’ (in the English language) is problematic.
Only finitely many positive integers (i.e. natural numbers) can be described
in under sixty letters: the alphabet has 26 letters, so for each letter we cannot
have more than 26 choices. This means that the number of possible phrases
(whether they make sense is irrelevant here) containing fewer than sixty
letters is certainly finite. As there are infinitely many natural numbers, the
set U ⊂ N whose members cannot be described in a phrase of under sixty
letters is non-empty, hence by the well-ordering property of N it has a least
member. On the other hand, if Berry’s phrase describes a positive integer, it
has done so with fewer than sixty letters! So the phrase is self-contradictory.

Zermelo’s axiom system in 1908 sought to avoid both the antinomies
described by Cantor and those involving ‘definability’, such as Richard’s or
Berry’s. A restriction had to be placed on the ways in which we can gener-
ate subsets of a set by insisting that only certain kinds of logical sentences
(sentential forms) could be used to identify the subset. Zermelo called such
assertions definite; his description of this restriction was made fully precise
byHilbert’s former studentHermannWeyl (1885-1955) in 1910, who specified
the logical symbols that could be allowed.

Unlike Euclid’s five axioms for geometry (with all their shortcomings
and omissions, which were only rectified by Hilbert in 1899), any summary
statement of the ZF axioms will not produce much enlightenment in the
reader who encounters them for the first time. (Nevertheless, a summary is
attempted inMM.) Suffice it to say for our purposes that theywere designed
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explicitly to avoid the pitfalls that were described earlier. They provide a
procedure for set formation which, to date, has not been shown to lead to
inconsistencies.

It was also gradually becoming clear that mathematics, if based upon
axioms in this fashion, could not be subsumed under logic, as Frege, Russell
and others had hoped.1 For their programme to succeed, the logicists, led
by Frege’s meticulous work, had extended classical (Aristotelian) logic to in-
clude logical symbols and quantifiers which enabled them to identify more
precisely what constitutes a logical sentence or proposition P . Such a sentence
should be expressible in terms of the symbols comprising the given logical
language, and be derived from logical axioms, independently of any mean-
ing that one might attach to the symbols that make up the proposition. The
ZF axiom system, on the other hand, includes theory-specific assumptions,
such as the Axiom of Infinity, that do not adhere fully to these constraints.2
Its success in avoiding the antinomies discussed earlier and its subsequent
acceptance by themathematical community hasmeant that logicist attempts
to subsume all of mathematics under logic were gradually abandoned.

2. The axiom of choice

Instead of discussing theZermelo-Fraenkel axioms individually, we con-
sider an axiom not included in his list by Zermelo, but used explicitly by
him in an earlier important paper in 1904. In this paper he considered Can-
tor’s contention that every set can be well-ordered. Zermelo wished to justify
Cantor’s claim, which would serve to complete the foundations of Cantor’s
theory of transfinite numbers. Recall that Cantor had managed to prove
that the trichotomy holds for well-ordered sets (such as any two alephs),
but that a proof of this had eluded him if the sets were not well-ordered.
Proving that any power is an aleph would require him to show that any set
can be well-ordered, and this was an open problem until Zermelo’s paper.
However, in presenting a proof of Cantor’s contention, Zermelo stated and
used an unproven assumption (he called it an ‘unobjectionable logical princi-
ple’) that soon became known as the Axiom of Choice. This assumption was
to play a fundamental role in much of modern mathematics.

2.1. Initial reception. Zermelo’s statement of the assumption in his orig-
inal 1904 paper can be formulated more succinctly in the following form:

1Readers looking for a more detailed account of the issues we touch upon in this chapter
may consult the excellent article [43].

2The axiom allowing us to go beyond the finite, Infinity, postulates the existence of an
infinite set. More specifically, the axiom states that there is a set Z containing the empty set
∅, and for any A in Z, the union ∪{A, {A}} is also in Z. The infinite set then arises from
the indefinite repetition of this operation in a manner similar to von Neumann’s model of N,
discussed in Chapter 8.
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Given any family T of non-empty sets, there is a function f which assigns to each
member A in T an element f(A) of A.

The function f is called a choice function. So the Axiom of Choice says
that a choice function always exists for any family of non-empty sets.

In 1908 he reformulated his axiom slightly, to assert the existence of a
choice set, or transversal, for any collection of sets: For every collection A of
mutually exclusive non-empty sets there exists at least one set containing exactly
one element from each member of A.

In this formulation it is easier to appreciate the analogy used by Russell
(slightly tongue-in-cheek, as was typical of him) to explain why this axiom
has any content. The claim is clearly true for any finite collection of sets.
Russell points out that the axiom demands that the formation of a set con-
sisting of one element from each set in the given collection should always
be possible, whether or not we can specify a ‘selection rule’ for doing so. To
illustrate this, he imagines two infinite collections: the first consists of pairs
of shoes, the second of pairs of socks. A obvious selection rule for the shoes
would be to choose the left shoe of each pair, but for socks it is quite unclear
how one might define a selection rule, since in any given pair the left and
right socks look identical!

Note also that, while the Axiom asserts the existence of a choice func-
tion for any family T of sets, the 1908 formulation can easily be amended
in various ways to an apparently weaker claim. For example, one might re-
strict the assertion to cases where T is a set whose cardinality is at most α
for some specified α. The weakest of these is denumerable choice, where one
would only claim the existence of a transversal for every countably infinite
set T.Aswewill see below,many nineteenth century researchers inAnalysis
had implicitly made this assumption. By contrast, Zermelo needed the full
power of the Axiom, applied to an arbitrary family T of sets, in his efforts to
prove Cantor’s Well-Ordering Principle.

Despite its innocuous appearance, the Axiom of Choice has aroused
more controversy than any axiom in the history of mathematics, with the
possible exception of Euclid’s Parallel Postulate. David Hilbert called it the
axiom ‘most attacked up to the present in the mathematical literature’. Although
Kronecker, who might have been its most vehement critic, had died more
than a decade earlier, other figures took up the cudgels on his behalf.

In particular, several prominent younger French mathematicians of the
time, including Emile Borel (1871-1956),Henri Lebesgue (1875-1941) andRené-
Louis Baire (1874-1932), expressed grave doubts about the validity of the
assumption in a now famous correspondence with Jaques Hadamard (1865-
1963), who argued strongly for the acceptance of the axiom.
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Borel had begun the debate with a short article in 1904, in which he ar-
gued that Zermelo’s proof had simply shown the equivalence of two prob-
lems:

(A) whether an arbitrary setM can be well-ordered,
(B) whether it is possible to choose a distinguished element from each

non-empty subset ofM.

This equivalence, he maintained, did not amount to a solution of prob-
lem (A), since the problem of determining a distinguished element from an
arbitrary subset ofM seemed to him ‘one of the most difficult, if one supposes,
for the sake of definiteness, that M coincides with the continuum’. The accep-
tance of uncountably many arbitrary choices took one ‘outside mathematics’,
Borel claimed. He was strongly supported by Baire, who took matters even
further, since he rejected the actual infinite (such as Cantor’s transfinite or-
dinals) and argued that it is false, when considering an infinite set, ‘to regard
the subsets of this set to be given’.

On joining the debate at Borel’s request, Lebesgue initially took a more
cautious approach. For him the key question was whether one could prove
the existence of a mathematical object without defining it. He concluded that
defining the object uniquely was essential – even though, in his own work,
he had at times used existence proofs that did not conform to this require-
ment. For him, Zermelo’s use of an infinite number of arbitrary choices
could not have meaning as an existence proof. Lebesgue went further than
Borel in rejecting the possibility of Denumerable Choice, and the proposi-
tion that any infinite set has a denumerable subset.

Hadamard, in reply, argued that the central problemwas that he and his
colleagues had different conceptions of mathematics, and that their argu-
ments resembled earlier debates aroundRiemann’s views onwhat functions
should be allowed into analysis. In his view, ‘essential progress in mathematics
has resulted from successively annexing notions’ which, for earlier generations,
‘were “outside mathematics" because it was impossible to define them’.

This correspondence (here taken from [32]) was published in a major
French mathematical journal in 1905, and represents an early instance of
formation of a French constructivist school of mathematics. In time, Baire,
Borel, and especially Lebesgue – all of whom (like the majority of late nine-
teenth century analysts) had implicitly used instances of the Axiom in their
own work – became strong protagonists for the conception of mathematics
they had spelled out in their initial responses to Zermelo’s Axiom. Lebesgue
even called their approach ‘Kroneckerian’.

2.2. Earlier uses of the Axiom. The various ways in which late nine-
teenth century mathematicians had used the Axiom of Choice prior to Zer-
melo’s formal statement of the assumption are analysed comprehensively in
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[32]. The example we consider concerns the crucial concept of continuity of
a function f : R→ R at a point a (cf. Chapter 6).

Recall that Bolzano’s definition of continuity was rephrased there to
read

(i) The function f is continuous at the point a if, for given ε > 0 we can find
δ > 0 such that |f(x)− f(a)| < ε whenever |x− a| < δ;

wheras Cauchy’s definition lent itself to the reformulation
(ii) The function f is continuous at the point a if whenever a sequence (xn)

has limit a, the sequence of values (f(xn))n has limit f(a).

As noted in Chapter 6, (i) states the modern definition of continuity,
while the formulation (ii) is now called sequential continuity. For real func-
tions (though not in more general settings) (i) and (ii) are logically equiva-
lent.

However, the proof that sequential continuity implies continuity im-
plicitly uses Denumerable Choice. The following argument mirrors a proof
given in an 1871 paper by Heine, who credited it to Cantor.

The argument goes as follows: if (i) fails for f at a, there must exist an
ε > 0 such that for any δ > 0 there is an x satisfying x − δ < a < x + δ,
for which |f(x)− f(a)| ≥ ε. Choose δ successively as the numbers δn =
1

2n to produce points xn with 0 < |xn − a| < 1
2n , but |f(xn)− f(a)| ≥ ε.

So: limn→∞ xn = a, but f(a) 6= limn→∞ f(xn). This means that f does not
satisfy (ii) at a. Therefore: if (ii) is true for f at a then (i) must also be true
for f at a.

But how exactly do we describe a rule for choosing each of the points
xn? What has been shown is that the definition of continuity implies that
if the function f is not continuous at a, then, for each n ≥ 1, there must be
a point xn satisfying 0 < |xn − a| < 1

2n , but whose images under f are at
least ε apart. However, we have no explicit way of calculating the value of
the number xn. Even a rule such as taking xn as the ‘smallest’ such point
does not provide a way of identifying the point xn explicitly.

This is an example where the Axiom of Choice (at least in its Denumer-
able guise) cannot be avoided. This fact was only noticed in 1913 in Italy
byMichele Cipolla (1880-1947), and picked up in Poland in 1916 by the influ-
ential Wacław Sierpiński (1882-1969). The latter founded a group of mathe-
maticians inWarsawwho embarked upon an exhaustive study of theAxiom
of Choice, beginning with an extensive survey by Sierpiński of uses of the
Axiom in Real Analysis. In addition to the example given by Cipolla, he de-
scribed numerous key results by Borel and Lebesgue that hadmade implicit
use of the Axiom. One striking example was that the proof of the principal
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characteristic of Lebesgue measure (see [3]), countable additivity, in fact de-
pended on Denumerable Choice, whose validity Lebesgue later explicitly
rejected in the correspondence summarised above!

Over the following years the Axiom of Choice became a touchstone for
researchers on the foundations of mathematics. The Axiom perhaps repre-
sents the main element of what remains of Cantor’s bold claim of the ‘free-
dom’ inherent in pure mathematics as a creation of the human spirit that
does not need to be kept within artifical boundaries—such as those insisted
upon by Kronecker.

Such restrictions, Cantor had argued, represent a far greater danger to
mathematics than did his own firm belief, that ‘mathematics is completely free
in its development’, and bound only by the requirement that its concepts are
‘free from contradictions in themselves’ as well as ‘standing in fixed relationships,
ordered through definitions, to earlier concepts that are already present and have
been verified’. Even Poincaré, who argued consistently for the primacy of
intuition, declared himself disposed to accept the Axiom. Ever the Kantian,
he declared the Axiom of Choice to be ‘a synthetic a priori judgment without
which the “theory of cardinals” would be impossible, for finite as well as infinite
numbers’.

Mostmathematical practitioners today accept theZF axioms as the foun-
dation onwhichmathematical concepts can be built, beginningwith set the-
ory and specialising to whatever their field of interest may be. Most also use
the Axiom of Choice as a valuable tool—and we will see below that, if one
accepts the ZF axioms, adding the Axiom of Choice as an additional axiom
creates no new logical difficulties. When this is done, the resulting axiom
system is simply called ZFC.

3. Tribal conflict

In the early years of the twentieth century, foundational disputes arose
between various schools of mathematicians, in part over the use of Axiom
of Choice and partly overmore profound philosophical andmethodological
differences. While these are issues of fundamental importance to the subject
as a whole, they have, in large measure, tended to become the province of
specialists in the foundations of the subject.

3.1. Hilbert and Poincaré. The contrasting philosophical perceptions
of Henri Poincaré in Paris and David Hilbert in Göttingen were already ap-
parent in their reactions to Kronecker’s attacks on Cantor’s work. Hilbert
had admired Cantor’s transfinite mathematics from the beginning, without
allowing himself (at least initially) to become too disturbed by the antino-
mies of set theory. In 1925, more than three decades after Kronecker’s death,
Hilbert delivered an address entitled On the Infinite in Münster at an event
honouring Weierstrass’ work in creating more solid foundations for Real
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Figure 40. David Hilbert, by an unknown photographer, 19073

Analysis, He again hailed Cantor’s set theory as ‘the finest product of mathe-
matical genius and one of the supreme achievements of purely intellectual human
activity’ (see [37]).

However, Hilbert was fully aware of the damage the antinomies would
do unless ways were found to avoid them. In contrast to Kronecker’s ‘arith-
meticisation programme’, his proposal was to ‘supplement the finitary state-
ments’ of ordinary arithmetic with ‘ideal statements’, just as ideal elements
had been used in parts of function theory and geometry in the past. Mathe-
matics would then consist of two kinds of statements: those to which mean-
ing could be attached by some external communication, and others which
had no meaning in themselves, but were the ideal elements of the theory.
The sole criterion for their validity would be a ‘proof of consistency’, arrived
at via a (formal) logical calculus. In this way, Hilbert declared triumphantly,
‘No one will drive us from this paradise that Cantor has created for us!’

Today, Hilbert’s approach to foundational questions is described as for-
malism,which is summarised in Encyclopaedia Britannica as the belief that ‘all
mathematics can be reduced to rules for manipulating formulas without any refer-
ence to the meanings of the formulas. Formalists contend that it is the mathematical
symbols themselves, and not any meaning that might be ascribed to them, that are
the basic objects of mathematical thought’.

3https://commons.wikimedia.org/wiki/File:David_Hilbert,_1907.jpg

https://commons.wikimedia.org/wiki/File:David_Hilbert,_1907.jpg
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The position of most mathematicians is somewhat different. Recalling
Plato’s insistence on the reality of his World of Ideas, one might argue that
a typical mathematician today will act as an unreconstructed Platonist on
weekdays, pausing only to recite Formalist liturgy when required to do so
on particular feast days.

Hilbert’s purpose, following on from his successful axiomatisation of
Euclidean geometry, was to find a general methodology (which he called
proof theory) for constructing a formal language in which the consistency of
the axiom system in question could be verified. He had shown in 1899 that
Euclidean geometry is free from contradictions provided one could assume
that arithmetic and the real number system (the basis of Analysis) had this
property. But this result, rather than solving the problem of consistency,
had shifted it to another area of mathematics. The real goal was to obtain a
proof of absolute consistency of certain kinds of formal systems.

This had brought the focus onto the question of the consistency of arith-
metic (the system codified by the Peano axioms); in other words, formulat-
ing this system in the corresponding formal language, and using only the
axioms of ZF and those of classical logic to provide a formal proof (within
the formal language) that it does not contain a contradiction. The essence of
theHilbert programmewas to construct mathematical proofs that the various
branches of the subject are free from contradiction.

Poincaré, by contrast, would always emphasise the importance of what
he called intuition in mathematical research. While praising Hilbert’s Foun-
dations of Geometry as a ‘classic’, he remarked that ‘the logical point of view
alone appears to interest Professor Hilbert... ...The axioms are postulated; we do
not know from whence they come...’ Defending Kant’s philosophical concept
of a priori knowledge, Poincaré argued that it was not inherent notions of
space or time, but rather the concept of iteration, or indefinite repetition (as
evidenced in counting), which required our innate sense of time. This con-
stituted the a priori source of extra-logical content in elementary number
theory. Moreover, he argued that an intuitive grasp of ‘continuity’ is basic
to our understanding of the continuum. It was such a priori precepts, rather
than logical reasoning, that enabled us to understand the underlying basis
of mathematical knowledge.

He rejected Cantor’s views on the actual infinite, which he saw as lead-
ing to a vicious circle of self-referential statements, as illustrated by the vari-
ous antinomies. His philosophy alsomoved him strongly to oppose the logi-
cist programme: he did not accept that mathematics could be a mere part of
logic, leaving no room for intuition as an innate characteristic of the intel-
lect. In his view, Hilbert’s relegation of truth inmathematics tomean simply
the absence of contradiction, and his proposed proof theory in particular
(which existed only in merest outline until after Poincaré’s early death in
1912), were in danger of straying too close to the logicist perspective.
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3.2. Enter Brouwer. Amore substantive challenge to ‘classical’ mathe-
matics and logic was developed between 1908 and 1918 by theDutchmathe-
matician L.E.J. Brouwer (1881-1966), whose incisive contributions to the bur-
geoning subject of topology had marked him out as a brilliant researcher.
The publication of his ideas on the nature and foundations of mathematics
began with a paper published in 1918, entitled Founding Set Theory Indepen-
dently of the Principle of the Excluded Middle. Part One, General Set Theory.

Brouwer’s stated objective was to remove the use of proof by contradic-
tion from mathematical arguments dealing with infinite sets. He objected
to the unrestricted use of the Excluded Middle as a logical tool to claim the
existence of a mathematical object, reflecting the concerns of the French con-
structivists (Borel, Baire, Lebesgue, as well as Poincaré), that proof by con-
tradiction would not identify the object in question uniquely.

Brouwer produced a number of simple, but compelling, examples to
draw attention to his claim that the construction of the classical models of
the continuum cannot always determine particular real numbers. For exam-
ple, suppose that the expansion of the real number x starts with 0.33333...
and then either continues in this fashion forever, or is terminated as soon as
a string of seven consecutive sevens (....7777777...) appears in the decimal
expansion of π.

In Brouwer’s time no such string had been found in the decimal expan-
sion of π, so it was not known if one existed. (If one were to be found, he
could always demand a longer string, of course.) But a string of sevensmust
either appear at some point, or else it never appears. This means that the
number x cannot be irrational: it equals 1

3 if the string never appears, while
its decimal expansion terminates at the end of the string if it does appear.
But we cannot identify the rational number in question, since we don’t know
whether or at which decimal place the expansion terminates. Similar exam-
ples, usually based on an unsolved number theory problem (seeMM for an
example) were constructed to exhibit a real number x for which the ques-
tion whether x = 0 or x 6= 0 required the solution of the unsolved problem.
Brouwer regarded the very existence of unsolved problems in mathematics
as a weak counterexample to the Law of the Excluded Middle.

Thus, for Brouwer, the key requirement was that only sets that could
be constructed were to be accorded meaning in his intuitionistmathematics.
Everything should spring, ultimately, from our fundamental intuition of the
sequential construction of the natural numbers. He was uncompromising:
rather than claim that the results of classical mathematics were wrong, he
argued that very many of them should be regarded as meaningless!

Moreover, it was clear that even those results that could be retained as
meaningful in intuitionist terms would usually require much longer and
less elegant proofs if the available mathematical tools were stripped down
to those deemed acceptable by Brouwer. Hilbert memorably described the
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requirements of intuitionist methods as akin to ‘denying the boxer the use of
his fists’ when attacking a particular problem.

Throughout the 1920s, Brouwer’s trenchant critique of ‘classical’ mathe-
matics and logic attracted adedicated following of talentedmathematicians—
mainly inHolland andGermany—whowere persuaded by his arguments of
the need for change. Notably, he increasingly influenced Hilbert’s favourite
former student, Hermann Weyl (1885-1955), whose enthusiastic conversion
to intuitionism would cause Hilbert much personal consternation. In 1918
Weyl, a highly skilled communicator, published his own version of semi-
intuitionist analysis, The Continuum. This became influential in Germany,
as did his 1921 paper on the ‘new foundational crisis’ in mathematics.

Thedebates betweenWeyl, Brouwer andHilbertwere courteous enough
at the outset, but later the dispute between Brouwer and the normally gener-
ous and fair-minded Hilbert took on a personal tone. In 1928, in an episode
reminiscent of the battle between Kronecker and Cantor, Hilbert (who was
seriously ill at the time and did not expect to survive) used his pre-eminence
among German mathematicians to engineer the removal of Brouwer from
the editorial board of the prestigious journal Mathematische Annalen. This
led to considerable ill-feeling and Albert Einstein resigned from the board
in protest. Ironically, this time the senior participant in the battle was the
adherent of Cantor’s ‘free’ mathematical style, while the outcast and princi-
pal sufferer was the man who had sought to ‘purify’ mathematics from the
effects of that style and return it to safer foundations.

Today there are various strands of intuitionism within the somewhat
wider (but still quite limited) group of constructivistmathematicians, among
whose notable achievements thework begun by the founder ofmodern con-
structive analysis, the American Errett Bishop (1928-1983), perhaps stands
out as having attractedmost interest. The great majority of mathematicians,
however, continues to work within ‘classical’ mathematics.

4. Gödel’s incompleteness theorems

The final act in the ‘foundational crisis’ occurred only three years later.
In 1931 the Austrian logician Kurt Gödel (1906-1978) dealt a fatal blow to the
Hilbert programme by publishing his two (now famous) incompleteness theo-
rems. Anunderstanding ofwhat these theorems said andwhy they had such
a devastating impact upon the formalist ideal necessitates a more detailed
description of that ideal.

4.1. Hilbert’s programme. In Hilbert’s view, the provision of an ax-
iomatic basis for a branch of mathematics—as he had done for Euclidean
geometry in 1899—ensured that one could ignore the traditional ‘meaning’
of the concepts encountered in the theory: as he often emphasised, notions
such as point, line or plane should be capable of being replaced by tables,
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chairs, or beer mugs! They would become undefined terms, whose proper-
ties as well as the relations between them would be determined by using
only the stated axioms. In the formalisation of a mathematical theory its ob-
jects appear as ‘meaningless signs’ expressed in a very precise, formal logi-
cal language whose syntax (or grammar) expresses the rules for combining
individual signs into longer strings, or ‘sentences’ of the language.

In such a formalisation the proof of amathematical theorem comprises a
series of valid steps—derived from the axioms specific to that area of math-
ematics and expressed in terms of the symbolic language, while obeying the
logical axioms and rules of of inference—that transform one such sentence
into another. In this way one can ensure that no hidden assumptions or un-
stated logical principles have crept into the deductive process. The relation-
ships between the different sentences representingmathematical statements
are demonstrated explicitly and completely

It then becomes possible to ask specific questions about the nature of
and relationships between different strings of symbols. Among these is to
ask whether it is possible, within the system, to construct a sentence, say φ,
such that φ and its negation ¬φ are both consequences of the underlying set
of axioms. The sentence φmight, for example, be expressed within the for-
mal language through the formula ‘0 = 0’. Its negation would be expressed
as the formula ‘0 6= 0’. The question is whether both can be deduced from
the underlying axiom system.

A proof that such a situation cannot occur within the systemwould ver-
ify that the formalised system is absolutely consistent, that is, free from inher-
ent contradiction. The objective of Hilbert’s program was to achieve this
aim for each area of mathematics by what he called finitary reasoning, and so
rebut a key element of Brouwer’s critique of classical methods.

To illustrate Hilbert’s approach we consider the case of arithmetic, as
codified by the Peano axioms. To express these precisely requires a suit-
able and well-defined logical language. In mathematical logic, a first-order
language L for an axiom system S would satisfy five requirements, only one
of which is specific to S. The general requirements for L are a (denumer-
able) list of variables (x, y, z, ...) and three types of logical symbols: connec-
tives (symbols for ‘not’ ( ¬), ‘and ’(∨), ‘or’ (∧) and ‘implies’ (→)), equality
(=) and the quantifiers ‘for all’ (∀) and ‘there exist’ (∃). The symbols specific
to S are its undefined terms: For Peano arithmetic these are the notions of
‘distinguished’ element (0), ‘immediate successor’ (s), and the operations
of addition (+) and multiplication (×).

The Peano axioms (expressed in this formal language), together with
logical axioms and rules of inference, are used to derive the theorems of S,
i.e. the statements that can be proved using just the axioms and rules of
inference. No meaning is attached to these statements—as noted in [33], a
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page ’of "meaningless marks" of such a formalised mathematics does not assert
anything’.

Hilbert’s programme, as well as his conception of what constituted fini-
tary reasoning, were to evolve substantially throughout the 1920s.4 His goal,
however, remained to find, for any mathematical theory, a way of proving,
entirely within the formal language, that it is impossible to arrive at a con-
tradiction when using only the (finitely many) given axioms specific to the
theory as well as the logical axioms.

If this could be achieved, Hilbert argued, he would finally have laid
the ghost of Kronecker to rest. He would also have demonstrated that, by
accepting consistency as the standard of truth for a mathematical system,
its theorems could be seen to have solid foundations and thus could safely
be used and explored further, without subjecting their proofs to Brouwer’s
more demanding criteria.

In its grand ambition, aswell as in its careful attention to detail, Hilbert’s
programme is perhaps reminiscent of Frege’s andRussell’s attempts–in their
different ways—to subsume mathematics under formal logic. And while
Principia provided most of the new tools needed for Hilbert’s formalisation
of arithmetic and the rules of inference in logic, it was the methodology
of this process which laid the groundwork for Gödel’s investigations. The
question whether there is a proof of consistency for a given axiom system
is a statement that is not phrased within the logical language constructed
to that system – it is a statement about the system itself, a meta-mathematical
question.

4.2. Decidability and consistency. This is reminiscent of the difficulty
that underlies Richard’s paradox, which we discussed at the beginning of
this chapter. In fact, Gödel confirmed that his arguments were to some ex-
tent modelled on reasoning suggested by this paradox, namely that its state-
ment appeared to be about decimal expansions, but was actually concerned
with the properties of the set E of real numbers definable in a finite num-
ber of words. By listing the various combinations of letters one can attach a
number to each such combination, representing its position in the sequence.

4A detailed description of the philosophical implications of Hilbert’s evolving use of the
term finitary is given in the Stanford were to evolve throughout the 1920s, were to evolve
throughout the 1920s, of Philosophy under the heading ‘Hilbert’s Program’ – the details are
too technical to include here. In [43] a definition of ‘finitary’, given by the French formalist
Jacques Herbrandt, is reproduced as follows: ‘By a finitary argument we understand an argu-
ment satisfying the following conditions: In it we never consider anything but a given finite
number of objects and of functions; these functions are well defined, their definition allowing
the computation of their values in a univocal way; we never state that an object exists without
giving the means of constructing it; we never consider the totality of all the objects x of an in-
finite collection; and when we say that an argument (or a theorem) is true for all these x, we
mean that, for each x taken by itself, it is possible to repeat the general argument in question,
which should be considered to be merely the prototype of these particular arguments.’
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We apply the same idea to all definitions that define a property of num-
bers (e.g ‘k is prime’). The list of these definitions (expressible in English,
say) is countable, so they may be written as (φk)k≥1, for example. We can
check whether any given number has the property expressed by φk (e.g if
φk(n) expresses ‘n is prime’, then φk(71) holds, and so does ¬φk(65), since
71 is prime, while 65 is not). The formal equivalent of the statement ‘k does
not have the property designated by the defining expression with which k is corre-
lated in the serially ordered list of definitions’ then becomes ¬φk(k). Following
[33], let us call such a number Richardian. But now ‘n is Richardian’ is also a
definition in the list, hence it is allocated a number, say m. Then the ques-
tion: is m Richardian? is self-contradictory: we now have a natural number
m such that for all k, φm(k) holds if and only if ¬φk(k) holds, and therefore
φm(m) holds if and only if ¬φm(m) holds.

Working in the formal system S representing Peano arithmetic, Gödel
(using an adapted version of the system developed in Principia) was sim-
ilarly able to ‘mirror’ certain meta-mathematical statements by statements
within the language of S. By assigning a unique Gödel number to each el-
ementary sign in the formal language, to each formula and to each proof
(which is a finite sequence of formulas), he was able to analyse the structure
of the formal language with great precision and formulate ‘mirror images’
within the language of S of various statements about the language—a fairly
non-technical acount can be found in [33].

In his First Incompleteness Theorem, Gödel showed that, if S is consistent,
there is a statement G (a Gödel statement) in this language such that neither G nor
its negation ¬G (not-G) can be proved within S.

In other words, the theorem shows that S is an incomplete system.
Gödel’s encoding of all statements and proofs in S by natural numbers

(expressed as products of powers of their prime factors in ascending order)
enabled him to assign aGödel number g to the statementG, expressed in the
language of S, that mirrors the (meta-mathematical) statement ‘This state-
ment is not provable’.5 The statement G is codified by its Gödel number g, so
we can read this claim as ‘The statement with Gödel number g is not provable’.
Gödel next showed that if G were provable in S, then the same would hold
for its negation ¬G, which would mean that S is inconsistent, contradicting
the hypothesis of the theorem.

The first theorem therefore says that the statementG is (formally) unde-
cidable in S.6

5Note the close similarity to the ‘who shaves the barber?’ version of Russell’s paradox (see
Footnote 17 in Chapter 9) or the so-called Liar paradox, stating ‘This statement is false’.

6However, the statement G is true. It makes the (meta-mathematical) assertion: ‘there is
no proof of G within S’, which is a true statement, since we have just seen that G is undecidable
in S. Thus: provability of a statement within a formal system and truth are not the same thing!
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Adding either G or its negation as a new axiom to S will not improve
matters. Gödel’s numbering technique works for any axiom system that
(like S) is rich enough for arithmetic while remaining computable—so that
its axioms can be recognised by a computer. Adding ‘Gödel statements’ to
the axioms one by one does not destroy this property. In other words, S is
essentially incomplete.

Gödel’s Second Incompleteness Theorem followed from the first. Infor-
mally, it states:

If S is consistent, then that fact cannot be proved within S.
To justify this claim, Gödel first codes the statement ‘S is consistent’ by

Consis(S),while the statement ‘G is not provable’ is coded by G itself. The
First Incompleteness Theorem states that ifS is consistent thenG is not prov-
able in S.Coding this statement in S asConsis(S)→ G, the proof of the first
theorem can be mirrored in S to show that Consis(S) → G is provable in
S, contradicting the first theorem. Therefore the consistency of S cannot be
proved within S.

This conclusion was a hammer blow to Hilbert, showing that the origi-
nal objective of his proof theory programme is unachievable. If there were
a finitary demonstration of the consistency of S, it should be possible to for-
mulate it as a theorem of S,whichwouldmean, in turn, thatConsis(S), and
therefore G, would be provable in S, contradicting the first incompleteness
theorem!

While this does not exclude the possibility of finding a ‘finitary’ proof
(in Hilbert’s sense) that cannot be mirrored in the formal language of Prin-
cipia (which is essentially the system we called S) but which shows the con-
sistency of arithmetic, no such proof has yet been found. Work by various
of Hilbert’s former co-workers and others has produced partial results, but
his original goal has effectively been abandoned as hopeless.7

Thus the optimistic claim that ‘every mathematical problem can be solved’
and Hilbert’s stirring epitaph: ‘Wir müssen wissen. Wir werden wissen.’ (‘We
must know. We will know.’) have, for the present at least, had to be re-
placed by somewhat more modest objectives. Gödel’s results are a salutary
reminder that the axiomatic method itself – at least as understood today –
has severe limitations.

In 1938/9 Gödel lectured in the USA, but, showing little interest in pol-
itics, he returned to Vienna despite Nazi Germany’s takeover of Austria in
1938. He did not succeed in obtaining a paid position—possibly because he
had many Jewish friends. He was even mistaken as Jewish and attacked on

7In 1936,Gerhard Gentzen proved the consistency of S, imposing a linear ordering on state-
ments in S. However, this went far beyond finitary statements: he needed not only the ordinals
of Cantor’s class (I), but ordinals up to a certain infinite ordinal (ε0).
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the street. He obtained a US visa in 1940, having to travel to the US via Rus-
sia and Japan, and settled at the Institute for Advanced Study in Princeton,
where he remained until his death in 1978—and where he formed a close
friendship with Albert Einstein.

Soon after arriving in Princeton he published Consistency of the axiom of
choice and of the generalized continuum-hypothesis with the axioms of set theory,
now regarded as a classic. He defined, within ZF, a smaller collection of
sets (which he called constructible) in which the axioms of ZF, as well as the
Axiom of Choice (AC) and the Generalised Continuum Hypothesis (GCH),
are true. Hence, if the negation of AC could be proved in ZF, that would
probably also hold within the constructible universe, and would make ZF
inconsistent.8 The samewould apply with GCH. So: if ZF is consistent, then
so is the axiom system ZF+AC+GCH—no new inconsistencies can arise by
adding AC and/or GCH to ZF.

In 1963, Paul Cohen (1934-2007), used a revolutionary technique (forcing)
to show that, provided ZF is consistent, it also remains so if we add the
negations of AC and/or GCH to it instead. Hence, if ZF is consistent, then
neither AC nor GCH can be proved within ZF. Combining this with Gödel’s
result, therefore, AC and GCH are independent of ZF, i.e. neither provable
nor disprovable.

In thismoremodest sense, anddespite effectively endingHilbert’s hopes
of proving absolute consistency, Gödel was instrumental in rescuing aspects
of ‘Cantor’s paradise’ that Hilbert had sought to preserve, as quoted at the
beginning of this section.

4.3. von Neumann’s verdict. John von Neumann summarised the im-
pact of intuitionism andGödel’s theorems as follows in his essay ‘TheMathe-
matician’, published in ‘The Works of the Mind’ (vol.1, pp. 180-196, University
of Chicago Press, 1947):

It is difficult to overestimate the significance of these events. In the third decade
of the twentieth century two mathematicians—both of them of the first magnitude,
and as deeply and fully conscious of what mathematics is, or is for, or is about,
as anybody could be—actually proposed that the concept of mathematical rigour,
of what constitutes an exact proof, should be changed! The developments which
followed are equally worth noting.

1. Only very few mathematicians were willing to accept the new, exigent stan-
dards for their own daily use. Very many, however, admitted thatWeyl and Brouwer
were prima facie right, but they themselves continued to trespass, that is, to do their
own mathematics in the old, "easy" fashion—probably in the hope that somebody
else, at some other time, might find the answer to the intuitionistic critique and
thereby justify them a posteriori.

8For a discussion of what is meant by true in this context, see article on ’The Axiom of
Choice’ in the Stanford Encyclopedia of Philosophy, http://www.plato.stanford.edu.
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2. Hilbert came forward with the following ingenious idea to justify “classical"’
(i.e. pre-intuitionistic) mathematics: Even in the intuitionistic system it is possible
to give a rigorous account of how classical mathematics operates, that is, one can
describe how the classical system works, although one cannot justify its workings.
It might therefore be possible to demonstrate intuitionistically that classical proce-
dures can never lead into contradictions—into conflicts with each other. It was clear
that such a proof would be very difficult, but there were certain indications how it
might be attempted. Had this scheme worked, it would have provided a most remark-
able justification of classical mathematics on the basis of the opposing intuitionistic
system itself! At least, this interpretation would have been legitimate in a system of
the philosophy of mathematics which most mathematicians were willing to accept.

3. After about a decade of attempts to carry out this program, Gödel produced
a most remarkable result. This result cannot be stated absolutely precisely without
several clauses and caveats which are too technical to be formulated here. Its es-
sential import, however, was this: If a system of mathematics does not lead into
contradiction, then this fact cannot be demonstrated with the procedures of that
system. Gödel’s proof satisfied the strictest criterion of mathematical rigour—the
intuitionistic one. Its influence on Hilbert’s program is somewhat controversial,
for reasons which again are too technical for this occasion. My personal opinion,
which is shared by many others, is, that Gödel has shown that Hilbert’s program is
essentially hopeless.

4. The main hope of a justification of classical mathematics—in the sense of
Hilbert or of Brouwer and Weyl—being gone, most mathematicians decided to use
that system anyway. After all, classical mathematics was producing results which
were both elegant and useful, and, even though one could never again be absolutely
certain of its reliability, it stood on at least as sound a foundation as, for example,
the existence of the electron. Hence, if one was willing to accept the sciences, one
might as well accept the classical system of mathematics. Such views turned out to
be acceptable even to some of the original protagonists of the intuitionistic system.
At present the controversy about the "foundations" is certainly not closed, but it
seems most unlikely that the classical system should be abandoned by any but a
small minority.

I have told the story of this controversy in such detail, because I think that it
constitutes the best caution against taking the immovable rigour of mathematics too
much for granted. This happened in our own lifetime, and I know myself how hu-
miliatingly easily my own views regarding the absolute mathematical truth changed
during this episode, and how they changed three times in succession!

Evenwhile the foundational debateswere raging in the 1910s and 1920s,
the great majority of mathematicians paid only occasional attention to these
matters, and got onwith their particular research projects, while paying due
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respect to the efforts of those grappling with difficult foundational ques-
tions. Following the shock of Gödel’s ‘negative’ results, this tendency be-
came more marked, while the pace of progress in many areas of mathemat-
ics increased dramatically, with new areas developing so quickly that no sin-
gle researcher after Poincaré and Hilbert could truly be regarded as a ‘uni-
versalist’ with contributions and interest stretching across the entire spec-
trum of the subject. The emergence of computing has shifted some attention
back towards the discrete and to the rapid development of recursive tech-
niques aswell as of rules of inference, including probabilistic techniques and
multi-valued logics, but their impact on the fundamental questions around
the nature of ‘mathematical truth’ is by no means clear at present.

5. A logician’s revenge?

While the controversy over Cantor’s transfinite cardinals raged in the
period 1880-1900, therewas nevertheless near-unanimity amongmathemati-
cians that, following the construction of arithmetical models of the contin-
uum R, the ‘infinitely small’ could no longer lay any claim to legitimacy in
the foundations of the Calculus. Among the few notable dissenting views,
those expressed by Paul du Bois-Reymond (1831-1889), especially in his Die
Allgemeine Funktionentheorie (General FunctionTheory), weremore strikingly
and elaborately articulated than most (see [2]).

This work mixes a certain amount of mysticism and metaphysics with
mathematical analysis in building contrasting pictures of the continuum
that foreshadow later debates. In a dialogue between an ‘idealist’ and an
‘empiricist’, various conceptions of the continuum are analysed, but no fi-
nal conclusions are reached. However, in an earlier paper du Bois-Reymond
had developed a theory of infinitesimals, arguing that if infinite numbers
were to be regarded as legitimate, so should their inverses, the infinitesi-
mals.

Although du Bois-Reymond was not regarded as a mathematician of
the first rank, he later made claims of priority in the use of the second di-
agonal method, which is universally attributed to Cantor. His more famous
brother Emil, a physiologist who later became a philosopher, was somewhat
more influential in late nineteenth-century society. Emil’s writings focused
on limits to our knowledge of nature, arguing that there were ‘transcenden-
tal’ questions that were unsolvable in principle. His statement ‘Ignoramus et
ignorabimus’ (‘we are ignorant andwe shall remain ignorant’) became some-
thing of a rallying cry among groups of university students at the time. In
1900, in his Paris address, Hilbert responded regally: ‘We hear within us the
perpetual call: There is the problem. Seek its solution. You can find it by pure
reason, for in mathematics there is no ignorabimus’.

Cantor was also dismissive of infinitesimals in analysis. In the long,
discursive, introduction to his Grundlagen paper in 1883 he addressed the
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question whether his sequence of transfinite cardinal numbers might help
in the search for a consistent grounding of a theory of infinitesimals. Could
these be regarded as ‘finite’ numbers whichwere distinct from rational or ir-
rational numbers, but would lie between such numbers, or which, similarly,
could be inserted between algebraic and transcendental numbers?

His answer was unequivocal: the theory of well-ordered sets would
show such attempts, by various authors at the time, to be fallacious, rest-
ing on the one hand on confusion between the actual and potential infinite,
and on dubious reasoning on the other. The description (by some philoso-
phers) of the potential infinite as ‘bad’ infinity was unjustified, since it had
frequently proved itself useful in mathematics and the natural sciences. To
his knowledge, all uses of the infinite in real analysis could relate only to the
potential infinite. He argued that any attempt to ‘force’ the infinitely small
into the guise of an actual infinite would be purposeless. Even if such ob-
jects existed, or could be defined successfully, they could not stand in any
immediate relation to normal quantities that were becoming infinitely small.

Yet the use of infinitesimals, if only as façon de parler used in textbooks,
did not die out as Cantor may have wished. There continued to be serious
attempts to construct number systems that included infinitesimals, notably
in 1907 by the Austrian mathematician Hans Hahn (1879-1934), who con-
structed a non-Archimedean ordered field containing non-zero elements x
such that, for all n in N, 0 < |x| < 1

n . But there did not, as yet, seem to be a
consistent way of exploiting such objects within real analysis.

This situation remained more or less intact for half a century. In 1958
a partial theory of infinitesimals was published by the German mathemati-
cians Curt Schmieden (1905-1991) andDetlef Laugwitz (1932-2000). Their con-
struction did not arouse much initial interest, as the number system they
produced was not an ordered field. It was soon overshadowed by the pub-
lication in 1961 of an article by the logician Abraham Robinson (1918-1974),
followed in 1966 by his ground-breaking volumeNon-StandardAnalysis, [39].

Robinson employed novel techniques from logic and model theory to
construct an ordered field (necessarily non-Archimedean, of course) ∗R –
nowadays called the hyperreals –which extends the real number systemR to
include both infinite and infinitesimal numbers and is linked to real num-
bers in a way that makes applications to Real Analysis possible. This cor-
respondence is based on a completely new concept, the Transfer Principle,
which states (informally) that exactly the same formal statements (within
symbolic logic, as described earlier) will hold in both R and ∗R. This may
seem contradictory at first sight, since ∗R contains infinitesimal elements,
while R does not—the resolution of this conundrum lies in the precise de-
scription of the formal statements that are to be included in the Principle.
In this sense the Transfer Principle might be regarded as a modern version
of Leibniz’ Continuity Principle. Plus ça change!
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Versions of the hyperreals can be constructed in a variety of ways, not
all equivalent. We will assume as given an ordered field that we denote by
∗R, in which R may be regarded as an embedded subset (much as Q was
taken to be embedded in R in Chapter 7). This extension extends to subsets
of R as well as to real functions (i.e. between real numbers): A ⊂ R has
a counterpart ∗A in ∗R such that A = ∗A ∩ R, and a function f :A 7−→ B
extends to ∗f :∗A 7−→ ∗B, so that f is the restriction of ∗f to A and the graph
of ∗f is the extension of the graph of f.

The algebraic operations (+,×) and order relation (<) similarly extend
to ∗R , as does the absolute value (|.|) of a real number—for ease of notation,
we will use these symbols also in ∗R, without the asterisk.

In ∗R we can distinguish between three types of elements: x ∈∗ R is
(i) infinitesimal if |x| < ε for all ε > 0 belonging to R,
(ii) finite if |x| < r for some r in R,
(iii) infinite (equivalently, not finite) if |x| > r for all r in R.
(Note that infinitesimals are also finite.)
A version of the Transfer Principle that ensures that all first-order prop-

erties of subsets and functions extend to ∗R is proved in Chapter 1 of [1].
In this setting, completeness, the key feature of R, does not extend to ∗R. For
example, the set of all finite elements of ∗R cannot have a least upper bound
in ∗R: any upper bound of this set would be an infinite element, s say, hence
s − 1 would still be an upper bound. This illustrates the need to take care
when using the Transfer Principle.

For hyperreals x, y we write x ≈ y if their difference is infinitesimal,
and say they are infinitely close. Clearly, a sum or product of infinitesimals is
again infinitesimal, as are the inverse of an infinite element and the product
of a finite with an infinitesimal element of ∗R. So if x ≈ y and u ≈ v then
x+ y ≈ u+ v. If x, u are finite, then xv ≈ uv.

Sums and products of finite elements are finite, as is the sum of a finite
and an infinitesimal element. The inverse of a non-infinitesimal finite ele-
ment is also finite. While the sum of two infinite elements of the same sign,
and the product of any two infinite elements, are again infinite, products of
infinite numbers with infinitesimals can belong to any of the three classes.

The following theorem ensures that any finite hyperreal is infinitely
close to a unique real number.

Standard Part Theorem
If x is a finite hyperreal there is a unique real number r ≈ x. So there is a

unique infinitesimal δ such that x = r + δ.

Proof: The set A = {a ∈ R : a ≤ x} is bounded as a subset of R, as x is
finite. So r = supA exists inR. For any real ε > 0, r−ε is not an upper bound
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of A, so we can find a ∈ A with r − ε < a ≤ x, and so r − x < ε. As r is an
upper bound ofA, r+ε is not inA, hence x < r+ε, so that x−r < ε.Wehave
shown that |x− r| < ε for all ε > 0 in R , hence δ = x − r is infinitesimal.
The uniqueness claim is obvious, as 0 is the only infinitesimal in R.

We write r = st(x) and call it the standard part of x. For finite elements,
the standard part of their sum (product) is the sum (product) of their stan-
dard parts. If x ≤ y in ∗R then st(x) ≤ st(y) in R (but not conversely). For
finite x in ∗R\R we see that δ = x − st(x) 6= 0 is infinitesimal, and δ−1 is
infinite. For infinite x, x−1 is a non-zero infinitesimal.

These preparations allow us to characterise convergence of sequences
and continuity of functions very simply:

(a) for a real sequence (sn) and a ∈ R, limn→∞ sn = a is equivalent to:
∗sK ≈ a for all infiniteK in ∗N;

(b) if f is defined on I = (a, b) in R, then f is continuous at c ∈ I
if and only if ∗f(x) ≈∗ f(c) for all x ≈ c.
Both claims are proved by an appeal to the Transfer Principle, i.e. con-

structing a sentence in first-order logic that can be transferred. We only con-
sider the second case (which is very close to Bolzano’s definition of continu-
ity):

Suppose limx→c f(x) = f(c), fix any hyperreal z ≈ c and ε > 0.Weneed
to show that |∗f(z)−∗ f(c)| < ε.

Weknow that there is δ > 0 such that the following (first-order) sentence
holds in R:

for all x, |x− c| < δ implies |f(x)− f(c)| < ε.

By Transfer, the corresponding sentence holds in ∗R:
for all X, |X − c| < δ implies |∗f(X)−∗ f(c)| < ε.

Taking X = z we see that ∗f(z) ≈∗ f(c) whenever z ≈ c.
For the converse implication, assume that |∗f(z)−∗ f(c)| ≈ 0

whenever z ≈ c, and suppose that ε > 0 is given.
Taking any infinitesimal Y > 0 in ∗R, we have:
there exists Y ∈ ∗R such that for all X ∈∗ R , |X − c| < Y

implies |∗f(X)−∗ f(c)| < ε.

By Transfer, the corresponding sentence holds in R :

there exists y ∈ R such that for all x ∈ R , |x− c| < y

implies |f(x)− f(c)| < ε.

We can take any such y as the required δ > 0, hence limx→c f(x) = f(c).
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This elementary illustration should suffice to show that basic facts of
Real Analysis can be recovered in an intuitively attractive manner—see, e.g.
[1] for an account of this and a variety of advanced applications. InMM we
outline the construction of a version of ∗R reminiscent of Cantor’s model for
the reals.




