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CHAPTER 8

Axioms for number systems

There are and can be but two ways of investigating and discovering Truth. The one
leaps from the senses and particulars to the most general axioms and from these as
first principles and their unshaken truth, judges on and discovers medial axioms:
and this way is in vogue. The other raises axioms from the senses and particulars,
by ascending steadily, step by step, so that at last the most general may be reached;
and this way is the true one, but untried.

Sir Francis Bacon, Novum Organum, Aphorisms I, 1620

Summary

Having shown how the number systems Z, Q, R and C can be con-
structed by taking the natural numbers as ‘given’ (as Kronecker insisted), we
now consider how, in the late 19th century, the axiomatic approach, famously
pioneered for geometry in Euclid’s Elements, was applied to the system N of
natural numbers to derive its properties. To explore the reasons behind this
shift in perceptions we discuss how the pre-eminence of Euclidean geome-
try was challenged in the early nineteenth century, in time leading to a re-
evaluation of methodology in many areas of mathematics, and setting the
scene for current perceptions of the axiomatic method throughout the subject.

We then consider the Peano axioms for the natural number system, in-
dicating how the setN,which (with the addition of 0) was the starting point
for Dedekind’s integers, provides a model for these axioms, while also out-
lining some differences in the approaches taken by Peano and Dedekind
to the same question. This leads on to an axiomatic description of the real
number system as a complete ordered field containing Q. In the Appendix we
show thatC cannot be ordered in away that is compatible with the algebraic
operations.

1. The axiomatic method

In the 1920 edition of his Introduction to Mathematical Philosophy (Allen
and Unwin, London), the eminent philosopher Bertrand Russell (1872-1970)
provides a succinct statement of his philosophy of mathematics.

c© Ekkehard Kopp CC BY 4.0 https://doi.org/10.11647/OBP.0236.08



194 8. AXIOMS FOR NUMBER SYSTEMS

Mathematics is a study which, when we start from its most familiar portions,
may be pursued in either of two opposite directions. The more familiar direction is
constructive, towards gradually increasing complexity: from integers to fractions,
real numbers, complex numbers; from addition and multiplication to differentiation
and integration, and on to higher mathematics. The other direction, which is less
familiar, proceeds, by analysing, to greater and greater abstractness and logical sim-
plicity; instead of asking what can be defined and deduced from what is assumed to
begin with, we ask instead what more general ideas and principles can be found, in
terms of which what was our starting-point can be defined or deduced.1

In Chapter 7we employed, for ease of recognition, modern mathemati-
cal terminology in our description of number systems and when discussing
howDedekind and others addressed the extension of number systems in the
latter half of the nineteenth century. In doing this, we took the basic num-
ber system, the natural numbers, simply as given, without exploring how it
might be derived from yet more basic concepts. Our interest now turns to
what Bertrand Russell, in the above passage, calls the ‘opposite direction’,
i.e. looking for ‘general ideas and principles’ from which our earlier start-
ing point (i.e. counting!) might be derived. This search began in earnest
only in the late nineteenth century, notably with Dedekind, whose formula-
tion was adapted successfully by Giuseppe Peano to yield axioms for N that
eventually gained universal acceptance.

In geometry, what is now called the axiomatic method dates back at least
to Euclid. His Elements begin with a small number of unproven statements,
called postulates by Euclid, from which all 465 propositions in his thirteen
books are then derived by logical deduction and illustrated in geometric
constructions.

We might ask how Euclid arrived at his postulates, and whether his
concept of the axiomatic method is the same as the modern one. The current
Encyclopedia Britannica has the following definition:

Axiomatic method, in logic, a procedure by which an entire system (e.g. a
science) is generated in accordance with specified rules by logical deduction from
certain basic propositions (axioms or postulates), which in turn are constructed from
a few terms taken as primitive. These terms and axioms may either be arbitrarily
defined and constructed or else be conceived according to a model in which some
intuitive warrant for their truth is felt to exist.

1.1. Axioms in Euclid. The above statement of the axiomatic method
in some measure follows the example of Euclid’s Elements, identifying the
‘primitive terms’ as well as the ‘basic propositions’ that will be taken for
granted. However, Euclid and his successors, right up to the nineteenth
century, would have taken issue with the bold claim in Encyclopedia Britan-
nica that the axioms can be arbitrarily defined and constructed! For the Greeks,

1Had Bacon and Russell been contemporaries, they might had much to say to each other!



1. THE AXIOMATIC METHOD 195

and for many centuries after them, the notion of an intuitive warrant for their
truthwas deemed to be an absolutely central requirement for any system of
axioms. In geometry this relied on a notion of geometrical truth: properties
of lines, angles, polygons and circles in the geometry described by Euclid,
as well as their three-dimensional counterparts in solid geometry, were un-
derstood as representations of observed spatial reality, albeit in an idealised
form. The truth of the underlying axioms was expected to reflect self-evident
aspects of this observed reality.

The most significant philosophical shift leading to the modern under-
standing of axioms as described in the above definition is that it is the axioms
themselves that should determine the structure of the collection of objects
under discussion. In this approach the ‘primitive terms’ stated at the out-
set have no intrinsic meaning independently of the axioms. This viewpoint
emerged gradually during the nineteenth century, notably in alternatives to
Euclidean geometry produced by Gauss, Bolyai and Lobachevsky, but also
in Hamilton’s work on complex numbers that we outlined in Chapter 4.

Following a distinction first made by Aristotle, Euclid states five ‘com-
mon notions’ and five ‘postulates’. The former are assumptions that would
apply to any quantitative science, such as: ‘When equals are added to equals,
the results will be equal’, and Euclid’s now famous dictum: ‘The whole is
greater than the part’. The postulates are more specific: they are the un-
proven assumptions he accepts for his geometry.

Skipping lightly over the common notions, we focus on Euclid’s five
postulates. In order to state these, his text introduces basic notions such
as ‘point, ‘line’ and ‘circle’ (what the Britannica definition calls ‘primitive’
terms). The first four basic notions famously read:

1. A point is that which has no part.
2. A line is breadthless length.
3. The extremities of a line are points.
4. A straight line is a line which lies evenly with the points on itself.
In all, Euclid lists 23 such definitions, that of the circle being the fifteenth:

A circle is a plane figure contained by one line such that all the straight lines
falling upon it from one point among those lying within the figure are equal
to one another. (The point in question is the centre of the circle.)

Historians have debated these rather odddefinitions.2 Note that ’points’
are defined both in 1. and 3. In 2., the terms ‘length’ and ‘breadth’ are
assumed (implicitly) as known, and 3. suggests that the ‘line’ is finite, that
is, a ‘line segment’ or an ‘arc’. Definition 4. seeks to identify ‘straight’ lines,
but its meaning is at best opaque.

2A gentle introduction to this debate can be found at mathshistory.st-andrews.ac.uk/Hist
Topics/Euclid_definitions.html, for example. For a detailed account see [21].
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It has been argued that the list of definitions may be a later addition
to Euclid’s work, and not by himself, since he never refers back to them in
the Elements, and later introduces terms (such as magnitude) that he has not
defined at all. If that is the case, then Euclid’s approach was truly modern!

In his five postulates, Euclid identified specific assumptions taken as
self-evident (not requiring proof) that he needed to provide the basis of his
geometry. Everything else he asserted in the Elements would be deduced
logically from these five postulates. Euclid’s deductive approach has served
as the paradigm for the textbook transmission of mathematical knowledge
for more than two millennia.

The first four of Euclid’s five postulates for geometry may indeed seem
self-evident: the first three simply assert that it is possible to

(i) draw a straight line from any point to any point,
(ii) produce a finite straight line continuously in a straight line,
(iii) describe a circle with any centre and diameter.
These postulates really describe Euclid’s perception of space: it is con-

tinuous (there are no gaps) and not limited.
The fourth postulate states that
(iv) all right angles are equal to one another.
Euclid’s definition of right angle is given in terms of two lines cutting

each other:
When a straight line standing on a straight line makes the adjacent angles equal

to one another, each of the equal angles is right. Postulate (iv) says that angles
produced in this manner must have the samemagnitude, wherever they are
in space. Thus he assumes that space is homogeneous, i.e. figures retain their
shape wherever they are placed.

The fifth postulate—generally known as the parallel postulate—is key to
much of the Elements. In formulating the postulate, Euclid is careful not to
talk about what we call parallel lines although he had earlier defined these.
Instead:

(v) ‘If a line segment intersects two straight lines forming two interior angles
on the same side that sum to less than two right angles, then the two lines, if extended
indefinitely, meet on that side onwhich the angles sum to less than two right angles.’

Many elementary texts are less careful than Euclid: they may ‘define’
parallel lines as ‘lines that nevermeet’, or that ‘meet at infinity’. Both phrases
beg obvious questions. In the better school textbooks Euclid’s formulation
of the parallel postulate is often replaced by a logically equivalent version.
In this form it is usually credited to the eighteenth-century Scottish math-
ematician John Playfair, but it was stated in similar terms by Proclus in the
fifth century:
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Given a line l and a point P not on l, in the plane containing both P and l there
is exactly one line through P that does not intersect l.

This unique line is then called the line parallel to l through P.

1.2. The impact of non-Euclidean geometry. Euclid needed all five pos-
tulates to prove the 465 propositions he formulated in the Elements. How-
ever, he avoided using the fifth postulate for as long as possible (Proposi-
tions 1-28 do not use it), whichmay suggest that he could also have regarded
it as less obviously ‘self-evident’ than the other four. For over 2000 years,
natural philosophers and mathematicians alike accepted Euclidean geome-
try as the propermathematical description of the spacewe live in. This belief
required the self-evident nature of the postulates to remain firmly grounded
in visual perception. The fifth postulate, however, makes implicit assump-
tions about the nature of space: howwouldwe know that two ‘parallel’ lines
might not meet in some far-off region of space?

Some of Euclid’s successors in antiquity (such as Ptolemy) and early
commentators (e.g. Proclus) thought that the parallel postulate did not ap-
pear to be fully self-evident. They therefore tried to deduce it from the other
four postulates, which they did regard as indisputably true.

The search for a proof of the fifth postulate resurfaced repeatedly over
two millennia, throughout the transmission of the Elements to Arab lands
and Europe. Prominent European mathematicians, JohnWallis and Adrien-
Marie Legendre (1752-1833) among them, set out to prove the postulate, but it
was the Italian Jesuit priestGiovanni Saccheri (1667-1733)who took a decisive
step, seeking to prove the postulate by showing that alternative hypotheses
would lead to contradictions. He showed that the postulate was logically
equivalent to the claim that the angle-sum of a triangle equals two right
angles, and tried to prove, using only the other four postulates, that this
angle-sum could be neither more nor less than this. But, try as he might, he
was unable to find arguments that would contradict the ‘hypothesis of the
acute angle’: that the angle-sum was less than two right angles.3

Although Saccheri’s work suggested a new approach to the problem, it
took a further century for it to be resolved. In the 1820s, the Russian Nikolai
Lobachevsky (1793-1856) and theHungarian Janos Bolyai (1802-1860) indepen-
dently demonstrated the possibility of non-Euclidean geometry, in which the
first four postulates remain valid, but Euclid’s fifth postulate is replaced by
the hypothesis of the acute angle. In terms of Playfair’s formulation, in their
hyperbolic geometry Euclid’s fifth postulate was replaced by the statement:

3In spherical geometry great circles (geodesics) play the role that ‘straight lines’ play in
Euclidean geometry. The angle-sum of a triangle on the surface of a sphere is greater than
two right angles. But geodesics are finite, so cannot be extended indefinitely (without meeting
themselves). This led Saccheri to reject the hypothesis that the angle-sum in a triangle can
exceed two right angles.
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Given a line l and point P not on l, in the plane containing both P and l there
are at least two distinct lines through P that do not intersect l.

While they were the first to publish their results (Lobachevsky in 1829
and Bolyai in 1832-3, although he had completed a full draft of his work
by 1823), they were not the only discoverers of the new geometry. The
notebooks and correspondence of Carl Friedrich Gauss, preserved after his
death, show conclusively that he had studied the fifth postulate extensively
for decades, was convinced by 1816 that it could not be proved, and had
developed the bulk of the theory of hyperbolic geometry by the following
year.4

Gauss never published his own results. In a letter to his friend, the
prominent mathematician, physicist and geodesist Friedrich Wilhelm Bessel
(1784-1846), he states the main reason for his reluctance: ‘da ich has Geschrei
der Boeoter scheue’ (‘since I dread the shouts of the Boethians’). This is a
reference to the—arguably malign—influence on European mathematics of
the mediocre textDe Institutione Arithmetica by the Roman scholar Boethius,
which (as we saw in Chapter 2) had been the main source of Greek mathe-
matics available in Western Europe until the late Middle Ages.

Gauss’ assessment of his contemporaries’ readiness for such a radically
new theory may well have been accurate. One important reason is that the
possibility of any geometry other than that of Euclid flatly contradicts the
claim by the influential philosopher Immanuel Kant (1724-1804) that our con-
cept of space is given a priori as that of Euclidean space. This Latin phrase
means ‘from the earlier’. Thus, a priori reasoning reaches conclusions that
arise necessarily from first principles (premisses), rather than relying on ob-
servation or experiment. The termwasmade popular by Kant in hisCritique
of Pure Reason, published in 1781.

In his extensive correspondence with Bessel, Gauss is very clear that his
perception of Euclidean space differs radically from that of Kant. Bessel, in
turn, confirms that he shares Gauss’ viewpoint. In a letter to Gauss on 10
February 1829, he agrees that ‘our geometry is incomplete’, and pleads with
Gauss to ignore the ‘Boethians’. Gauss responding on 9 April 1830, ignores
this plea, but expresses his ‘innermost conviction’ that

‘geometry stands in a quite different position from pure arithmetic with regard
to our a priori knowledge: this [knowledge] rests on our complete conviction of its
necessity (thus also of its absolute truth), which the latter possesses. We must admit
in all humility that, [even] if number is a pure product of our mind, space has an
external reality, for which we cannot prescribe its laws a priori.’

4The near-simultaneous discovery of non-Euclidean geometry by several practitioners
adds weight to an oft-repeated saying attributed to Gauss – here taken from E.T. Bell’s The
Development of Mathematics (1945): Mathematical discoveries, like springtime violets in the woods,
have their season which no human can hasten or retard.
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In stark contrast to Gauss’ then unpublished comments, many mathe-
maticians regarded Bolyai and Lobachevsky’s publications as controversial
in the 1830s, and they were by no means universally accepted as ground-
breaking achievements. Significant changes in these perceptions had towait
for the decade after Gauss’ death (in 1855), when publication of his private
papers revealed the great man’s interest in and strong views on this sub-
ject. At the same time, substantial new work by his former student Bernhard
Riemann (1826-1866) in 1854 and in 1868 by the Italian geometer Eugenio Bel-
trami (1835-1900)—the first to provide a model of hyperbolic geometry—
finally led to general acceptance that non-Euclidean geometries were just as
consistent as Euclid’s geometry, and should be accorded equal status.

These developments ushered in the modern perspective on the role of
axioms in different areas of mathematics. For example, it was now clear that
different ‘geometries’ with quite different characteristics can be explored,
depending on which axioms one chooses to adopt. Nor was all this of im-
portance only in ‘pure’ mathematics, and devoid of physical meaning, as
even Riemann had supposed. By the early twentieth century, Albert Ein-
stein (1879-1953) andHermannMinkowski (1864-1909) had shown that hyper-
bolic geometry provided an appropriatemathematical model for relativistic
space-time. In the same period, David Hilbert (1862-1943) updated Euclid’s
postulates, requiring 20 axioms for Euclidean geometry, most of whichwere
needed to fill logical gaps that Euclid had left by relying on visual perception
– for example, the intuitive notion of an object ‘lying between’ two others
had to be given axiomatic form.

Beyond geometry, the renewed focus on axiomatics meant that mathe-
maticans sought to formulate axiom systems to make explicit the assump-
tions on which their particular areas of interest, as well as the foundations
of the subject, can be based. In shifting the emphasis from discussion of
the ‘nature’ of specific objects to ‘more general ideas and principles’ (as Russell
puts it), it is the rules for interaction between mathematical objects that be-
come paramount. The axioms that specify these rules often find application
in a variety of different situations: although theymay have originated in the
analysis of a particular set of problems, similar techniques can find appli-
cation in an apparently unrelated field. Complex numbers, for example, al-
low us to calculate freelywith the ‘imaginary unit’ i according toHamilton’s
rules, even though we can envisage no concrete physical representation for
it (as we might do for

√
2 as the length of the diagonal of a unit square). Yet

i is central to the analysis of sinusoidal waves by electrical engineers (who
insist on calling it j) where it measures the ‘imaginary’ flow of electricity
through various bodies.

The axiomatic method, based on set theory as the keystone of modern
mathematics, has opened up a vast range of new areas for exploration since
the nineteenth century, most of them far beyond the scope of this book. For
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the most part, the question of what the objects being considered ‘are’ has
been replaced by asking what they do, that is, how they interact according
to the underlying axioms of their particular field. But this does not im-
ply that every new theorem is painstakingly traced back to these axioms
– mathematics is a cumulative undertaking, and what has previously been
confirmed as correct can be used to justify new assertions.

In practice, most mathematicians choose to work on the implicit as-
sumption that the currently accepted system of axioms for set theory (devel-
oped in the first decades of the twentieth century) can be shown to under-
pin their researches.5 Very few, however, would undertake the arduous task
of checking complex deductions by direct reference to theseaxioms! There
are well-known examples of proofs that—written out in full—would run
to hundreds, sometimes thousands, of pages of logical deduction and com-
putation. In most branches of modern mathematics there are a good many
results that have only been checked in full detail by a small group of quali-
fied experts. In the end, the ‘truth’ of amathematical statement comes down
to its (preferably unanimous) acceptance, after a suitably exhaustive analy-
sis and confirmation, by the mathematical community of the time. AsDavis
andHersh put it forcefully in their book TheMathematical Experience: in prac-
tice, the validity of a proof in mathematics is established by a ‘consensus of
the qualified’. (Of course, even the ‘qualified’ are not infallible.)

2. The Peano axioms

Let us be modest and remain with our naive concept of a set, as in Can-
tor’s formulation quoted in Chapter 7, Footnote 1. The axioms described
below for arithmetic with the natural numbers are essentially those devised
by the Italian mathematician Giuseppe Peano, whose work was deeply in-
fluenced by an analysis of number systems published by Dedekind in 1888
asWas sind und was sollen die Zahlen?[9]. This translates literally as ‘What are
numbers and what should they be?’6 In his pamphlet Dedekind spells out
his philosophy, beginning his Preface with the sentence: ‘In Science, what is
provable should not be believed without proof.’ He argues that, although obvi-
ous, this demand has by no means been reached in the foundation of the
simplest science, namely ‘the part of logic dealing with the study of numbers’.
Designating arithmetic (and hence algebra and analysis) as a part of logic
implies that he regards the number concept as entirely independent of con-
ceptions of space or time, but rather as an immediate consequence of ‘pure
laws of thought’. His answer to the question raised in the title of his work is

5These are known as theZermelo-Fraenkel axioms, (ZF), after their originators Ernst Zermelo
(1871-1953) and Abraham Fraenkel (1891-1965). See Chapter 10 and MM for a brief discussion.

6An English translation in 1901 byWooster Woodruff Beman (1850-1922) renders the title
as ‘The Meaning of Numbers’.
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that ‘numbers are free creations of the human mind, they serve as a means of un-
derstanding the diversity of objects [‘Dinge’] more easily and sharply’. Only by
having developed the science of numbers by purely logical means, arriving
at the ‘continuous number-domain’ (the real numbers), can we examine our
perceptions of space and time more precisely, he claims.

Rather than focus on the details of Dedekind’s pamphlet here, we turn
to the version of these ideas as presented by Peano, before giving a brief
comparison of the two approaches.

Peano acknowledged the profound impact of Dedekind’s work on his
own formulation. He published this in 1889 in a pamphlet entitled Arith-
metices principia, nova methodo exposita (‘Principles of arithmetic, expounded
by a new method’). The axioms are sometimes called the Dedekind-Peano
axioms.

Peano used the concept of successor as his starting point. Roughly speak-
ing, the systemof five axioms he postulated enables us to show that all famil-
iar arithmetical properties of the natural numbers can be deduced provided
we can startwith an element we call 1 (as the Greeks did with the unit), and
that we can apply induction.

Following Peano, the three ‘primitive terms’ we begin with are there-
fore: an abstractly given set we will call N, together with a ‘distinguished
element’ that we denote by 1 and a successor operation S between members
of N.

The five Peano axioms are:7

1. 1 is a member of N
2. every n in N has a successor S(n) in N
3. if S(m) = S(n) thenm = n

4. 1 is not the successor of any element of N
5. (Induction) ifA is a subset ofNwith 1 ∈ A and such that n ∈ A implies

S(n) ∈ A, then A = N.
Axiom 2 tells us that taking successors keeps us within the set, axiom 3

that an element cannot be the successor of two different elements and axiom
4 means that ‘nothing comes before’ the distinguished element we call 1.

Note also that any element of N other than 1 must be the successor of
some element of N. To deduce this from Axiom 5, let S be the set consisting
of 1 and all successors; that is, S contains 1 together with every n inNwhich
is the successor of some element of N. Then 1 belongs to S by definition,

7Some authors prefer to state our axioms 1. and 4. below as the single statement: ‘there is
exactly one member of Nwhich is not the successor of any other member of N’. Peano himself
also included four further axioms to clarify the use of equality (=), stipulating that the set he is
describing should be closed under this relation and that equality is an equivalence relation – see
Footnote 4 in Chapter 7 for this terminology.
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while, ifm ∈ S ⊆ N, then its successor S(m) must lie in S, since S contains
all the successors of members of N. By Axiom 5 this means that S = N.

Consider the sequence

1, S(1), S(S(1)), S(S(S(1))), ...

where repeated use of S just means that we take the ‘successor of the succes-
sor’ and so on. We can give these successive elements ‘abbreviated names’.
For example, we could decide to denote them by 2 = S(1), 3 = S(2) =
S(S(1)), and so on. Then, after (long-scale!) octillion repetitions we would
arrive at what we can denote by 1048 + 1. The process does not stop after
any finite number of repetitions.

We will now represent the set N by the sequence {1, 2, 3, ..., n, ...}. But it
must be stressed that, in giving ‘names’ to the ‘distinguished element’ 1 and
to its various successors we do not attach a particular meaning to the symbols
we use. The ‘meaning’ we attach to a symbol is determined by the position it
occupies. As in Dedekind’s derivation of the structure of the sets of integers
and rationals (and inHamilton’s definition of the complex numbers) it is the
structure that gives meaning to the various members of the set. For N this
structure is determined by the Peano axioms alone.

We can outline the differences between the approaches of Peano and
Dedekind more easily by following [6] in using Peano’s axioms as our point
of reference. Dedekind’s starting point is the concept of order. To do this,
he first considers mappings between abstract sets, then specialises to one-to-
one mappings from a set to itself—that is, φ maps S to itself—and distinct
elements have distinct images.

If a set N has such a mapping φ and there is an element t in N such
that φ does not map any element of N to t then Dedekind calls N a chain
[Kette]. We can see how these requirementsmirror Peano’s first four axioms.
The fifth axiom (induction) now becomes the statement that N is the chain
generated by the (consecutive) images of this distinguished element t. He
shows that such a set is a particular kind of infinite set, which he calls simply
infinite (in Chapter 9 we will consider such sets, nowadays called countably
infinite). Dedekind also showed that any infinite set has a simply infinite
subset. However, his ‘proof’ that infinite sets exist was fiercely criticised at
the time, especially by the logician Gottlob Frege (1848-1925).

Nonetheless, it should be reassuring to know thatDedekind proved that
any two models of the above axioms – that is, well-defined sets that give
meaning to the primitive terms and satisfy the stated axioms – will have
the same mathematical structure (the formal term is that they are isomor-
phic). We could have listed the elements of the set N in a variety of ways.
For example, we might take 1 followed in succession by all positive inte-
gral powers of 10,with S(10k) defining 10k+1, yielding {1, 10, 100, 1000, ...}.
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As long as the axioms are satisfied, this structure will be isomorphic to our
{1, 2, 3, ..., n, ...}.

Peano defined the operations of arithmetic, namely addition andmultipli-
cation, as follows:

Addition is defined recursively for elementsm,n inN, first by adding one,
i.e. n+ 1 = S(n), and then, for anym,n, setting

n+ S(m) = S(n+m).

The first of these definitions just gives the successor of n the name n+1.
To continue, we proceed in steps, using the ‘names’ of successors 2 =

S(1), 3 = S(2), 4 = S(3) etc.: takem = 1, n = 2, in the general definition, so
2 + S(1) = S(2 + 1) = S(3) = 4. We have shown that 2 + 2 = 4, and can
continue in this fashion (see also [6] , p.255).

Multiplication can be defined similarly:
(i) n× 1 = n for all n in N,
(ii) for n,m in N, n× S(m) = n×m+ n.

(It is again instructive – if lengthy – to test this definition with various
examples.)

The (strict) order relation< onN is then defined as before: m < n if there
exists k in N such thatm+k = n.Again,m ≤ nwill mean that eitherm < n
orm = n.

From these definitions one can derive the laws of arithmetic and order
properties of the set N. These steps will be omitted here – as in Chapter 7,
detailed proofs can be found in [30].

As we observed in Chapter 7, starting induction with 0 instead of 1 cre-
ates no new difficulties, and we found it useful to treat 0 as a ‘natural num-
ber’, i.e. to begin with the set N0 = {0, 1, 2, ..., n, ...} in our discussion of
Dedekind’s representations of Z and Q. Similarly, we could have used 0 to
replace 1 in the Peano axioms. This version of Peano arithmetic (starting with
a set we call N0, a distinguished element 0, and a successor operation S as
before) is essentially the same as what we outlined above.

Another argument for including 0 is based on the desire to ‘start from
scratch’; that is, to build up a number system using only basic operations
on sets. The Hungarian-American mathematician John von Neumann (1903-
1957) showed how, startingwith the empty set∅, the setN0 has a simple rep-
resentation as an infinite collection of sets, each of which has finitely many
elements.

Here is von Neumann’s construction of N0 by starting with the empty
set:

∅—a set with no elements—is represented by the symbol 0,
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Figure 38. John von Neumann, from a period while at Los
Alamos National Laboratory, from Los Alamos: Beginning of
an era, 1943-1945, Los Alamos Scientific Laboratory, 19868

{∅}—a singleton set—is represented by the symbol 1,
{ ∅, {∅}}—a set with two elements—is represented by the symbol 2,
{∅, {∅}, {∅, {∅}}} is represented by 3, and so forth.
Together, these symbols are a representation of the set of natural num-

bers. Having started with the ‘distinguished’ element 0, (as given by∅), the
successor operation is given by

S(n) = n ∪ {n}.

This makes sense, since each ‘number’ n is a set (as listed above for 0, 1, 2, 3)
and to obtain the successor of n we simply take the set A that represents n
and its union with the set {A} whose only element is A. It can be checked
that von Neumann’s construction satisfies the amended version of Peano’s
axioms 1-5, with 0 playing the role of 1. The definitions of addition and
multiplication stay the same as stated above.

The number system (N0,+,×, <) then provides a model of the natural
numbers (including 0 this time), which in turn form the basis of arithmetic.
This is whymathematics is sometimes jokingly described as ‘the theory of the
empty set’!

8https://commons.wikimedia.org/wiki/File:JohnvonNeumann-LosAlamos.jpg

https://commons.wikimedia.org/wiki/File:JohnvonNeumann-LosAlamos.jpg
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3. Axioms for the real number system

Having seen how the properties of the number systemN can be derived
from the Peano axioms, and how each of the systems Z,Q and R, and their
arithmetical and order properties, can in turn be derived from its predeces-
sor, we now list the fundamental properties that the systemR should satisfy.

The axioms we need to check for any model of the real number system
R are divided into three groups:

1. Algebraic axioms
2. Order axioms
3. Completeness axiom
The first two groups were essentially given in Chapter 7, but we repeat

themmore fully here. To do so effectively, without presupposing thatwe can
call the object we are defining a ‘number system’, we need to give abstract
definitions of the algebraic operations on and order relations between the
elements of an (initially) unspecified set.

We introduce terminology to describe addition and multiplication ab-
stractly: addition and multiplication of two numbers associate a pair of el-
ements of a set S with an element of S (formally, they are functions from
S × S to S); we write (a, b) → a + b and (a, b) → a × b. We call these binary
operations and, for our number systems, the laws of arithmetic are described
by the axioms these operations should obey.

The essential point remains that we are less concernedwith defining the
objects of our number system, but focus our attention instead on the relations
between them – in other words, we describe how they interact. Provided
we spell out the requirements for the binary operations +,×, we can apply
them to any (unspecified) non-empty set S.

Similarly, for any set S we can identify a relation, i.e. a collection O of
pairs (a, b) with a, b in S, for which we write a ≤ b if and only if (a, b) ∈ O.
As indicated earlier, this defines a linear order (also called a weak total order)
if it satisfies the following three requirements:

1. Antisymmetry: if a ≤ b and b ≤ a then a = b ,
2. Transitivity: if a ≤ b and b ≤ c then a ≤ c,
3. Totality: For any a, b in S, either a ≤ b or b ≤ a (or both).
The third property says that any two elements a, b of S can be compared:

at least one of the pairs (a, b) and (b, a) belongs toO.Note that this includes
the possibility that both belong to O, but, in that case, the first property
shows that we equate a and b, and write a = b.



206 8. AXIOMS FOR NUMBER SYSTEMS

The concepts of upper bound and least upper bound, which we encoun-
tered in Chapter 7, clearly make sense for non-empty subsets of any linearly
ordered set.

3.1. Axioms for a complete ordered field. The definitions below will
therefore make no direct reference to the set of R real numbers, but will
instead list three groups of axioms. A system consisting of a set together
with two binary operations which satisfy the first group of axioms listed
below as Definition 1(a) - the ‘algebraic’ axioms – is called a field. If these
operations are compatible with an ordering as described in Definition 1(b)
– the ‘order’ axioms – then it becomes an ordered field. Finally, if the axiom
stated as Definition 1(c)—completeness—is satisfied in addition, we have a
complete ordered field. We have a choice of several equivalent statements to
describe completeness. We will take the existence of a supremum for each
set that is bounded above as our axiom.

Definition 1(a): A field is a set S, together with two binary operations, i.e.
functions from S × S to S. They are: addition, denoted by +, and multiplication,
denoted by×, so that, applied to (a, b), addition gives a+b and multiplication gives
a× b as members of S. These operations have the following properties:

Algebraic axioms
(i) for all a, b ∈ S, b+ a = a+ b and b× a = a× b (commutative laws),
(ii) for all a, b, c ∈ S, a+ (b+ c) = (a+ b) + c and a× (b× c) = (a× b)× c

(associative laws),
(iii) for all a, b, c ∈ S, a× (b+ c) = a× b+ a× c (distributive law),
(iv) there are elements of S denoted by 0, 1 respectively, such that 0 6= 1 and

a+ 0 = a, a× 1 = a for all a ∈ S (existence of neutral elements),
(v) for each a ∈ S there exists an element of S denoted by −a, such that a +

(−a) = 0; for each a 6= 0 in S there exists an element of S, denoted by a−1, such
that a× a−1 = 1 (existence of inverses).

With the algebraic axioms in Definition 1(a) we define the difference a−b
as a+(−b), and the quotient (usually written as ab ) as a×b

−1 whenever b 6= 0.
Both of these definitions make sense because of axiom (v) in Definition 1(a).

Definition 1(b):
A relation < on a set S is a strict total order if the following axioms hold:
Order axioms:
(i) (Anti-reflexivity) a < a is not true for any a in S,
(ii) (Trichotomy) For all a, b in S, exactly one of a < b, a = b, b < a, is true,
(iii) (Transitivity) For a, b, c ∈ S, if a < b and b < c, then a < c.



3. AXIOMS FOR THE REAL NUMBER SYSTEM 207

The field (S,+,×) – defined in 1(a) – is an ordered field if it has a strict total
order < satisfying the conditions:

(iv) if a < b and c ∈ S then a+ c < b+ c,

(v) if a < b and 0 < c then a× c < b× c.
Axioms (iv) and (v) of Definition 1(b) ensure that the ordering< is com-

patiblewith the algebraic operations +,×. Together, (a) and (b) in Definition
1 suffice to describe the axioms for the number system Q as an example of
an ordered field.

To reconcile the order axioms in Definition 1(b) with the concept of a
linear ordering, we need only define a ≤ b to mean that either a < b or a = b.
Then≤ is a linear ordering, as described above: the required properties (1),
(2), (3) we listed earlier follow immediately. We define a > b to mean that
b < a, similarly a ≥ b means b ≤ a. Finally, a ∈ S is called positive if a > 0
and negative if a < 0.

Moreover, b in S is an upper bound for the subset E of S if a ≤ b for all
a in E, and we say that E is bounded above by b. Finally, c is the least upper
bound of E,written as c = supE, if c ≤ b for every upper bound of E.

This terminology allows us to state our final axiom, describing complete-
ness as follows:9

Definition 1(c): An ordered field (S,+,×, <) is complete if the following ax-
iom holds: every non-empty subset of S that is bounded above in S has a least upper
bound in S.

It is proved in MM that any complete ordered field S containing Q will
inherit the Archimedean property from Q: given positive elements a, b of S,
there is a natural number n such that na > b.

3.2. EmbeddingQ in R. In particular, if a set S satisfying (a)-(c) in Def-
inition 1 is to be a number system that extends the ordered fieldQ, the alge-
braic operations and order relation for Q should be compatible with those
for S. If we can embed Q as a subset of Swe will wish, finally, to call this set

9Proofs of the equivalence of the following five versions of this axiom forR can be found
in MM:

(a) Bounded non-decreasing sequences property: any non-decreasing sequence of real num-
bers, bounded above in R,will always have a limit in R.

(b) Nested sequences property: any nested sequence of closed intervals in R whose lengths
decrease to 0 defines a unique element of R.

(c) Least upper bound property: any non-empty subsetB of R that has an upper bound in R
has a least upper bound in R.

(d) Cauchy Criterion: every Cauchy sequence in R converges to a real number.
(e) Bolzano-Weierstrass property: every bounded sequence of real numbers has at least one

subsequence that converges in R.
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the real numbers and denote it by R. From the perspective of constructing a
model for R, Definition 1(a)-(c) sets out requirements the model must satisfy.

Hence, when we start with Q and construct a model for R, we require
two additional steps to ensure that everything is consistent:

(i) When we use the operations (r, s) → r + s and (r, s) → r × s with
rational r, s, the outcome should be the same as we had for addition and
multiplication inQ.Moreover, 0 < r for rational r should mean the same as
in Definition 1(b). In other words, the operations should remain the same,
regardless of whether we treat r, s as rationals or as real numbers. Formally,
thismeans that we have to construct a function φ fromQ toR such that r 6= s
implies φ(r) 6= φ(s) and the image φ(r + s) of their sum equals φ(r) + φ(s),
where the second + is interpreted as addition in R. Similarly, φ(r × s) =
φ(r) × φ(s), where × denotes on the left denotes multiplication in Q while
on the right it denotes multiplication in R. Moreover, the image under φ
each positive rational rmust satisfy 0 < φ(r). This ensures that we can treat
Q as a subset of R.

(ii) The set R satisfying all the above conditions should be unique (else
we could not talk about the real numbers).

Thus all the different constructions ofmodels forR should ‘have the same
form’, i.e. be isomorphic. In other words, it should be possible to put any two
of them in a one-one correspondence in such a way that the operations of
addition and multiplication, as well as the ordering, correspond correctly.
This is the case for Dedekind’s and Cantor’s models (see [10]).

4. Appendix: arithmetic and order in C

Finally, let us justify a claim made in Section 1 of Chapter 7: that the
complex number system C cannot be (totally) ordered in a way that is com-
patible with addition and multiplication. As the laws of arithmetic listed
above hold in R, Hamilton’s definitions for addition and multiplication will
carry them over to C. In C, the pair (0, 0) serves as the neutral element 0 for
addition (0 + z = z for any z in C) and any z in C has an additive inverse−z
that satisfies z + (−z) = 0. The pair (1, 0) defines the neutral element 1 for
multiplication in C.

Ifwe could define a strict total order≺ onC that is compatiblewith addi-
tion and multiplication, statements (i)-(iv) below would hold for (+,×,≺):

(i) totality: any two complex numbers can be compared using ≺,
(ii) trichotomy: given any z inC, exactly one of 0 ≺ z, z = 0, z ≺ 0 is true,
(iii) Compatibility with + : given any three complex numbers z1, z2, z3, if

z1 ≺ z2 then z1 + z3 ≺ z2 + z3,

(iv) Compatibility with × : given any three complex numbers z1, z2, z3, if
0 ≺ z3, then z1z3 ≺ z2z3.
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Apply (i)-(iv) with z = i, the ‘imaginary unit’ (0, 1). Since i 6= 0, (ii)
ensures that either 0 ≺ i or i ≺ 0 (not both).

If 0 ≺ i we have 0 ≺ i× i = −1 by (iv). Using (iv) again, 0 ≺ −1 shows
that 0 ≺ (−1)× (−1) = 1. But (iii) yields 1 = 0 + 1 ≺ (−1) + 1 = 0.We have
arrived at 1 ≺ 0 ≺ 1,which is a contradiction for a strict order.

If i ≺ 0, (iii) implies 0 = i + (−i) ≺ 0 + (−i) = (−i), and by (iv) again,
0 ≺ (−i) × (−i) = −1. As in the first case this implies the contradiction
1 ≺ 0 ≺ 1. Since both possibilities lead to a contradiction, the order≺ cannot
be compatible with addition and multiplication.




