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CHAPTER 3

Construction and Calculation

But the best demonstration by far is experience, if it go not beyond the actual exper-
iment.

Sir Francis Bacon, Novum Organum, 1620

Summary

This chapter takes a step back, to review approaches to geometric con-
struction in Classical Greece. This sets the scene for three influential prob-
lems (doubling the cube, trisecting the angle and squaring the circle), whose
solutions had proved elusive under the constraints of Euclidean geome-
try. We consider ingenious solutions from Ancient Greece that led to novel
curves and reformulate two of these problems in terms of cubic equations
(in one case by means of basic trigonometry), before moving on to Europe
around 1500, to pick up the further development of the decimal system
as well as the development of aids to calculation. These were needed for
lengthy calculations in astronomy,where trigonometric tables had long been
used, and increasingly also in navigation. The chapter closes with a brief ac-
count of John Napier’s invention of logarithms.

1. Constructions in Greek geometry

While Euclid’s Elements, and the work of many of his successors, re-
stricted geometric constructions to those that can be completed by means of
a straightedge (an unmarked ruler) and compass alone, it was soon discovered
that the construction of certain lengths and angles with these tools alone
posed seemingly insuperable difficulties. Consequently, Greek geometers
invented various ingenious devices for the purpose of drawing curves that
could provide the solutions they sought, however much such techniques
might offend purists by stepping outside the strict rules for geometric con-
struction set out definitively in Euclid’s Elements.

One of these new solution methods led directly to the invention of the
conic sections (ellipse, parabola and hyperbola), so named because they are
foundwhen cutting a (double) circular conewith planes at various angles to
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68 3. CONSTRUCTION AND CALCULATION

its axis. These curveswere to become indispensible tools in the development
of modern mathematics and its applications to physics and cosmology.

We may think of an upturned ice cream cone in order to imagine a cir-
cular cone. Its axis is the line connecting its vertex to the centre of the circle
at the base of the cone, and a generator is any surface line connecting a point
on the circumference of the base circle with the vertex – since rotating this
line through a full revolution about the axis will sweep out the cone. As
displayed in Figure 14(a), cutting the cone by a plane parallel to the base
produces a circle, while (as in Figure 14(b)), cutting it by a plane having an
angle to the base less than that of a generator produces an ellipse. Both are
closed curves (i.e. their endsmeet). But if the plane is parallel to a generator,
as in Figure 14(c), we obtain a parabola (an open curve). If the angle is even
steeper, then, as in Figure 14(d), we need a double cone with a common ver-
tex (e.g an ice-cream cone whose vertex rests on a mirror, together with its
mirror image), and the hyperbola we obtain has two (open) branches, one in
each cone.

The culmination of Greek geometers’ analysis of these curves has been
preserved for us in translations of the impressive Treatise on Conic Sections
by Apollonius of Perga (ca 240-190 BCE), known to his peers as ‘The Great
Geometer’.

After the Renaissance, European mathematicians, scientists and archi-
tects found both theoretical and practical uses for the different conic sections
in a wide variety of areas. Johannes Kepler (1571-1630), after a close study
of astronomical measurements made by Tycho Brahe (1546-1601), postulated
correctly that planetary orbits are not circular, as had been supposed, but el-
liptical, and the Astronomer Royal, Edmund Halley (1656-1742), applied this
in 1682 to other bodies in orbit around the sun, predicting correctly that the
famous comet named after him would return in 1758. Galileo Galilei (1564-
1642) argued that the path of a projectile fired from a cannon would follow
a parabola.

Today, parabolic mirrors creating parallel beams of light are used in car
headlamps. A striking example of a hyperbolic shape is given by the cool-
ing tower of any power station generating steam. On a similarly practical
level, some ‘whispering galleries’ exploit a property of the two focal points
of an ellipse: a person near one of the focal points can clearly hear sounds
generated near the other focal point.1

1An ellipse can also be defined as the shape traced in a plane by holding the sum of its
distances from two given points (its focal points) fixed. (Take a piece of string, longer than the
distance between these two points, on a sheet of paper, fix the endpoints of the string to these
points, hold the string taut inbetween with a pencil point and draw an arc all the way round -
this is your ellipse.)
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Figure 14. Conic Sections

Constructions using a marked ruler – known as neusis constructions,
after a Greek term meaning ‘inclined towards’– also proved effective in at-
tacking problems that were difficult or impossible to solve by other means.
Here certain lengths (e.g. one or more multiples of a chosen unit) can be
marked off on the ruler, which is then used to fit a line segment of specified
length between two given lines or circular arcs, while also going through
some given point (i.e. the specified segment should ‘point in a given direc-
tion’).

Some preference for straightedge-and-compass construction over these
other construction techniques is said to have been expressed by early geome-
ters in the fifth century BCE, and during the fourth century BCE this opin-
ion gained ground due to the influence of Plato’s philosophy. Plato taught
that physical appearance, as observed by our senses, is merely a ‘shadow’
mimicking the real ‘Form’ of the object in question. He proposed this view
as an answer to the problem of change posed by pre-Socratic philosophers of
the sixth and fifth century BCE. Parmenides insisted that what is, has always
been so, and that, logically, nothing can ever change, since it is impossible
for something to come out of nothing. On the other hand,Heraclitus insisted
that the basic essence of the universe is ever-present change (‘no man ever
steps in the same river twice’), and thus (as Plato later quoted Heraclitus)
‘all entities flow and nothing remains still’.

To resolve these conflicting viewsPlato argued that his ‘Theory of Forms’
could explain the ‘true nature’ of things. He maintained that our senses do
not allowus a clear viewof reality (an assertion perhaps influencing St Paul’s
famous phrase, four centuries later, that we see ‘through a glass darkly’) We
should therefore reject the essential reality of the physical world. Plato ex-
horted his followers to study the Forms through mental contemplation as
the perfect, unchanging essences of objects, not limited by space or time.
He distinguishes between knowledge, which is certain and unchanging, and
opinion, which is changable and derives from our illusory sense experience.
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The Forms are the source of our innate knowledge, and learning is the pro-
cess of bringing it to the surface. He frequently argues that mathematical
reasoning can facilitate this process and provide a bridge between the phys-
ical world and his ‘world of ideas’ where the Forms exist. Points, lines and
circles are therefore to be seen as ideal objects, whose physical representa-
tion is a crude approximation of their real nature, which alone should be the
object of their study. He criticised geometers whose constructions departed
from the aim of mirroring the ideal objects by using ‘physical’ devices.

Euclid’sElementswouldprobably have escapedPlato’s strictures, if Plato
had survived to read this work. The Elements featured rigorous construc-
tions and several conceptual innovations now attributed to Plato’s one-time
student Eudoxus. Euclid’s axiomatic approach placed emphasis on keeping
the initial collection of definitions and (unproven) postulates as small and
as ‘self-evident’ as possible. In keeping with this approach, physical instru-
ments for drawing figures should be as simple as possible. The straightedge
and compass are the only tools Euclid allows in his many constructions.

It seems therefore that Greek geometers recognised a hierarchy of ac-
ceptable techniques for geometric constructions: a given problem should
first be attacked solely by Platonic methods; if that failed, a construction
that also used conic sectionsmight be deemed acceptable. If neither of these
approaches produced a satisfactory solution, then attacks on the problem
using neusis constructions or other (often quite specific and complicated)
‘mechanical’ tools might be deemed acceptable.

However, every individual’s influencewanes over time. Nearly two cen-
turies after Plato, Apollonius wrote his definitive treatise on conics – which,
1800 years later, proved to be of critical importance in the study of motion
and calculations of planetary orbits. A few decades earlier, Archimedes had
freelymade use of neusis constructions in his geometry and its many practi-
cal applications, as well as devising an entirely novel ‘method of discovery’
(see Chapter 5), using physical principles and postulating the infinite divis-
ibility of figures, in order to determine the relationships between the areas
and volumes of different curvilinear figures, including conic sections and
spirals.

2. ‘Famous problems’ of antiquity

Three constructionproblems fromantiquity stand out as having inspired
major advances in mathematics, as well as helping to create conditions forc-
ing mathematicians to widen their concept of number in order to arrive at
satisfactory solutions. These became known as the three famous problems of
antiquity: duplication of the cube, trisection of the general angle, and squar-
ing the circle. We begin with a brief overview of the first two, deferring
discussion of the third, whose solution proved to be rather more involved.
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Figure 15. Construction of a mean proportional

2.1. Doubling the cube. Once the Pythagoreans had solved the prob-
lem of ‘doubling the square’ by using its diagonal as the side of a new square
with double its area, an obvious question was how to double the cube. The
doubling of the square of side a involved finding the mean proportional be-
tween a and 2a, since the relation

a

x
=

x

2a

becomes x2 = 2a2,which has solution x =
√

2a. This therefore involved the
construction of the irrational length

√
2, easily done bydrawing the diagonal

of the unit square.
Moreover, early Greek geometers were well aware that any square root

has an easy straightedge-and-compass construction, illustrated in Figure 15,
which became a staple of schoolbooks through two millennia.

So it was natural to ask how such methods might be extended to gen-
erate cube roots. It was observed very early on – reportedly by Hippocrates
of Chios (460-380 BCE) – that finding the side of the cube whose volume is
twice that of the cube with side a would require the construction of two
mean proportionals between a and 2a. In modern terminology this involves
the construction of points x, y such that

a

x
=
x

y
=

y

2a
.

Then the cube of the first ratio becomes, after cancellations,

a3

x3
=
(a
x

)3

= (
a

x
)(
x

y
)(
y

2a
) =

a

2a
=

1

2

so that x3 = 2a3. To construct the cube with volume 2a3 one needs to con-
struct its side x, and this involves multiplying the length a by the length
today described by the number 3

√
2, the cube root of 2. It was only in the



72 3. CONSTRUCTION AND CALCULATION

nineteenth century that it became clear – using algebra rather than geome-
try – why this construction cannot be achieved by straightedge and compass
alone.

Note how the problem posed originally (finding the cube root) has been
subtly transposed into a different one, that of finding twomean proportion-
als. Rephrasing the original problem in quite different terms is a very com-
mon technique in mathematical problem-solving, and often leads to the de-
velopment of novel concepts that may appear, on the surface, to be quite
unconnected with the original problem. Hippocrates’ reformulation (if it is
his!) is one of the earliest examples of this approach.

Conic sections appear in the fourth century BCE, resulting from a search
for two mean proportionals. Menaechmus (380-320 BCE) considered curves
arising in this way. Using modern notation, observe that for any constant a,
the first equation in

a

x
=
x

y
=

y

2a

leads to the equation ay = x2, which is the equation of a ‘vertical’ parabola
centred at the origin, while the second becomes y2 = 2ax, which describes
a ‘horizontal’ parabola. Moreover, the identity of the two outer ratios means
that xy = 2a2,which describes a hyperbola.

Menaechmus gave two solutions, each of which displayed x, y as the
points of intersection of two of these curves. The first solution used the
hyperbola and the first parabola, while the second employed both parabo-
las. The problem is that conic sections cannot be produced in the plane by
straightedge and compass alone.

2.2. Trisecting the angle. The second ‘famous construction problem’
of geometry in antiquity is that of trisecting the general angle, that is, to split
it into three equal parts. Just as it is easy to double any square, it is easy to
bisect any angle by straightedge and compass. Draw lines PB,PC to meet
at P.Draw the circle with centre P throughB, to cut PC atB′. Let the circle
with centre B, passing through P, meet the circle with centre B′ passing
through P at D. Then PD bisects the angle BPC.

Ways to trisect particular angles (such as a right angle, for example) were
clearly known to ancient geometers. However, the task of finding a general
method for finding the trisector of any angle by straightedge and compass
alone proved to be beyond Greek mathematics, although a number of inge-
nious curves were invented in their efforts to solve it.

One such curve is attributed to the Sophist Hippias, who is said to have
been a contemporary of Hippocrates of Chios. His quadratrix cannot be con-
structed by straightedge and compass, but has to be plotted point by point
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Figure 16. The Quadratrix of Hippias

– hence it was seen as illegitimate by later commentators.2 It is described by
a double motion (see Figure 16(a)):

Describe a quartercircle by rotating the line segment AB clockwise, at
constant velocity, through a right angle to AD.At the same time, a lineMN
moves down from BC to AD at constant velocity, always remaining paral-
lel to both. These constant speeds are chosen so that both reach their final
position at the same time. A typical point F on the intersection of these two
moving lines (the rotating radius AB and the descending lineMN ) defines
a point on the quadratrix. Since the distance AM decreases, the quadra-
trix will meet AD in a point G between A and D. Extending AF to E, and
drawing in the perpendicular FH toAD,we can describe the quadratrix by
comparing the ratios (since the two motions finish at the same time):

∠BAD
∠EAD

=
AB

FH
=
arcBED

arcED
.

Trisecting the angle EAD (see Figure 16(b)) now amounts to trisecting the
line FH (which only needs straightedge and compass – try it!). For ifHP =
1
3FH and the position of the line MN at this point is shown by MPQN,
whereQ lies on the quadratrix, then the angleQAD is one-third of the angle
FAD. To see this, mark the extension of AQ to the circular quadrant by R.
Just as above, the ratio of angles is the same as the ratio of vertical lengths,
so

∠EAD
∠RAD

=
arcED

arcRD
=
FH

PH
=

3

1
.

So angle QAD trisects angle EAD.

2The quadratrix is so named because it can also be used to solve the third ‘famous prob-
lem’, that constructing the side of a squarewhose area equals that of a given circle. SeeChapter
8. Figure 16(b) is used in MM for Dinostratus’ construction.
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Figure 17. Archimedes’ trisection

A very different and rather more straightforward angle-trisector was
provided by Archimedes more than two centuries after Hippias. This uses
a very natural neusis construction, depicted in Figure 17. Suppose that we
want to divide angle x,made atO by the linesOD andOE, into three equal
parts. Having marked off a length r on our ruler, we can draw a circle of
that radius, with centre at O. Extend OE on the opposite side, beyond O,
and place the marked ruler at the point A on the circle where it meets the
line OD. Then join A with the extension of OE to meet the circle again at
C and the extension of OE at B, while ensuring that the distance BC is r.
The length requirement BC = r determines the direction of line ABC; how
it ‘inclines towards A’ (neusis.) To see that angle ABE trisects angle AOE,
note that in Figure z = 2y (external angle), while x+ y = 2z (on both sides,
adding angle AOE produces 180◦), so that x+ y = 4y, hence x = 3y.

We can rephrase the angle trisection problem using simple trigonome-
try. The Greek name for triangle is trigōnon – three angles – while metron
means ‘measure’, so this subject concerns the measurement of triangles: for
example, if we know the lengths of the sides (or, alternatively, sizes of the
angles) of a triangle, can we find the angles (or sides) and its area? The
key observation from geometry, which we have already used extensively, is
that similar triangles (that is, with the same shape, since that is determined
by their angles) must have their corresponding sides in proportion. In other
words, the ratio of two such sides does not depend on the size of the triangle,
but only on its shape.

The basic ratios of the three sides of a right-angled triangle can be de-
scribed if we make an angle x at the centre A of a circle with unit radius
(AC) and complete the right-angled triangle ABC with BC perpendicular
to AB (see Figure 18). The ratio CB

AC (the opposite side over the hypotenuse)
is then denoted by sinx, the ratio AB

AC (the adjacent side over the hypotenuse)
is cosx, and the ratio CB

AB = (CBAC )/(ABAC ) is tanx = sin x
cos x . Since we chose the
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Figure 18. Sine and cosine

length AC = 1, Pythagoras’ theorem then becomes the identity

(sinx)2 + (cosx)2 = 1.

We will follow the usual convention of writing (sinx)2 as sin2 x, etc., from
now on.

Among the first trigonometric results learned at school are the sum for-
mulae for sine and cosine. For any angles x, y these are:

sin(x+ y) = (sinx)(cos y) + (cosx)(sin y)

cos(x+ y) = (cosx)(cos y)− (sinx)(sin y).

These formulae can bededuced froma simple geometric proposition, known
today as Ptolemy’s Theorem.3 This is named after Claudius Ptolemaeus (ca.
100-170), author of a famous (geocentric) astronomical treatise, popularly
known as the Almagest, which held sway until the sixteenth century. The
sum formulae enabled Ptolemy to compute extensive tables of the values
of sine and cosine for different angles, as aids to the extensive calculations
needed in astronomical observations.

Beginning with cos 90◦ = 0, halving the angle provides sin 45◦ = 1√
2

from the above statement of Pythagoras’ theorem. More generally, for any
angle xwe may take x = y in the sum formula for cosine and obtain

cos(2x) = cos2 x− sin2 x = 1− 2 sin2 x,

where the final identity again follows from Pythagoras’ theorem. Applying
this identity to x

2 and x = 2(x2 ) instead, we see that cosx = 1− 2 sin2(x2 ), so
that sin(x2 ) =

√
1
2 (1− cosx).

After halving the angle in this fashion several times one arrives at a
small angle (eight successive bisections will produce an angle of 90

256 ' 0.3
degrees), providing a suitably small gap between successive table entries.

3SeeMM for details of the statement and proof of this result.
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By approximating square roots, Ptolemy could therefore obtain an approx-
imate value for the sine of this small angle, and with this reference value
he built tables of sines and cosines for various multiples of the angle, us-
ing the above sum formulae. The process involves rather a lot of arithmetic,
including the extraction of square roots, but it all quickly becomes routine.

But let us return to angle trisection! Applying the cosine sum formlua
to angles x = 3y = 2y + y, we easily obtain4

cosx = 4 cos3 y − 3 cos y.

When x is given, we know the value of cosx (denoted by the constant c)
and the above becomes a cubic equation in the unknown z = cos y, namely
c = 4z3 − 3z,which we write in its standard form as

4z3 − 3z − c = 0.

If we could solve this cubic equation for z, we would know cos y and could
lookup the (approximate) angle y from trigonometric tables. In otherwords,
the problem of trisecting the general angle has been transformed into con-
structing the solution of a cubic equation, just as we did for the duplication
of the cube. In Chapter 8we will find out why this construction is impossi-
ble when using only a straightedge and compass.

3. Decimals and logarithms

At the end of the sixteenth century, the utility of trigonometric tables
was to lead to another crucial aid to calculation, logarithms, which quickly
became ubiquitous and played a role in the gradual acceptance of irrationals
as numbers. This had been made possible by the gradual adoption of the
Hindu-Arabic numerals, which greatly facilitated calculation as well as con-
tributing to the acceptance of a wider concept of number, if somewhat halt-
ingly at first. What became ourmodern decimal notation, including both in-
tegral and fractional parts, stems from the late sixteenth century, although,
as we have seen, there were earlier examples of similar systems in China,
India and especially in Islamic mathematics. However, even the latter was
not a fully positional system until the 1500s. Wewill first trace how our now
familiar notation was developed in sixteenth century Europe.

4

cosx = cos 3y = cos(2y + y) = (cos 2y)(cos y)− (sin 2y)(sin y)

= (cos2 y − sin2 y)(cos y)− 2(sin2 y)(cos y)

= (cos y)(cos2 y − 3(sin2 y))

= (cos y)(cos2 y − 3(1− cos2 y))

= 4 cos3 y − 3 cos y.
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3.1. Notation and equations. In France, significant progress was made
by Francois Viète (1540-1603) who, while trained as a lawyer and serving as
privy councillor (and code-breaker) toHenry III and his successor, Henry IV,
had a lifelong passion for mathematics and astronomy. He made highly in-
fluential contributions to the development of algebraic symbolism and deci-
mal notation. HisCanonmathematicus (1579) included a systematic approach
to the analysis of triangles. It contained new trigonometric identities, aswell
as trigonometric tables in which he was careful to separate the integral and
fractional parts of a number. To show the difference between these he tried
various notational devices: first, writing the fractional part in smaller type
above a line, then separating the two parts by a vertical line, and finally by
showing the integral part in bold type. Thus he wrote an approximation
of 100, 000π first as 314, 159, 265,36

100,00 , later as 314, 159|265, 36, and finally as
314,159, 265, 36.

He argued against the use of number systems other than the decimal,
such as the sexagesimal system inherited from the Babylonians, while recog-
nising that this hadproveduseful for large calculations needed in navigation
and astronomy. However, Viète stated categorically:

sexagesimals and sixties are to be used sparingly, or never in mathematics, and
thousandths and thousands, hundredths and hundreds, tenths and tens, and similar
propressions, ascending and descending, are to be used frequently or exclusively.

Viète explored approximations to π that he found in the much admired
works of Archimedes, by then translated into Latin from Arabic. He im-
proved Archimedes’ estimate using, like his predecessor, the perimeters of
regular polygons inscribed in a circle. He also derived what appears to be
the first ‘infinite product’ formula for π, namely

2

π
=

√
2

2
.

√
2 +
√

2

2
.

√
2 +

√
2 +
√

2

2
...

where the pattern of the ratios to be multiplied by each other continues in-
definitely. This is the first instance where an exact value for π was stated,
albeit one involving infinitely many factors in the product! A rigorous proof
of his formula was still some way off, however.

Viète’s willingness to produce a formula for the exact value of π sug-
gests a significant relaxation of the perception of irrationals that was still
prevalent in mid-sixteenth century. An example of this earlier attitude is
found in the works of the German monk Michael Stifel (1487-1567). Stifel’s
Arithmetica integra (1544) included important innovations such as introduc-
ing the term ‘exponent’, as well as notation and general rules for calculating
(integral) powers,

xmxn = xm+n,
xm

xn
= xm−n
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and he was among the first to accept negative numbers as having equal sta-
tus to positive numbers. Although Stifel’s books do not seem to have been
widely read, his position as a professor in Wittenberg helped him to bring
aspects of the practical Coss tradition (see Chapter 2, Section 2) into the for-
mal university curriculum, thus helping to bridge the gap between the two
traditions. He formulated rules for arithmetic with negative numbers as
well as with fractions, and explored calculating with fractional powers.

Stifel introduced the term irrational and accepted the existence of irra-
tionals as solutions of geometric problems on the same basis as rationals.
However, he did not regard irrationals as ‘true numbers’, describing them
instead as entities ‘concealed under a fog of infinity’. In practice, he nonetheless
continued to work with rational and irrational solutions to specific prob-
lems, even declaring that there would be infinitely many rationals and in-
finitely many irrationals between any two whole numbers.

Viète’s most famous work, In artem analyticam isagoge (1591), introduced
much of the symbolic notation for the expression of equations later adopted
and adapted by the philosopher and mathematician René Descartes (1596-
1650). One of Viète’s most significant innovations was the use of letters, not
only for the unknowns (as the maestri d’abbaco and cossists had done) but
also for the coefficients, the known quantities, in each problem. He distin-
guished between them by reserving vowels for the unknown, with conso-
nants denoting coefficients. This shifted the emphasis from the origins of a
particular problem to the equation itself, as a tool for handling magnitudes
of any kind, represented by means of abstract symbols and manipulated
according to set rules.

Thus a cubic equation that we now write (in the style of Descartes) as

x3 + cx = d

was described by Viète as: A cubus +C planum in A aequatus D solidum.
Note that he used words rather than Stifel’s much more convenient no-

tation for the exponents. He also continued to insist on dimensional ho-
mogeneity, i.e. that the dimensions of the terms in an equation must fit: in
our example all three terms represent ‘solids’ (in the second term, a plane
and a line are multiplied – as signalled by ‘in’ – to give a rectangular solid).
This reflects the geometric origin of his ideas. Nevertheless, he produced
symbolic algebraic rules for manipulating his various expressions, e.g. for the
addition of ‘fractional’ magnitudes in order to clarify his solutionmethods.5

5Viete writes ([6], p.157), using pl for planum and in for multiplication,

Zpl

G
+
Apl

B
aeq.

GinApl +BinZpl

BinG
.

In otherwords Z
G
+ A
B

= G·A+B·Z
B·G ,which is howwewould add these fractions today. Observe

how his insistence on dimensional homogeniety complicates the notation.
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Viète regarded his methods as analytic, in the classical Greek sense, i.e.
methods for finding solutions to specific problems, thus distinguishing them
from assertions made in the synthetic Euclidean approach, which were to be
legitimated (proved) on the basis of a clearly stated system of axioms. In
this, he was one of a growing number of Renaissance mathematicians who
suspected ‘the ancients’ of concealing their actual solution techniques behind
the austere facade of Euclidean geometry. The term analysis, introduced by
Pappus many centuries before, now came to denote a ‘secret method’ of
finding solutions. René Descartes later voiced this suspicion most clearly
(see [6], p.159ff) in his Rules for the Direction of the Mind:

I was confirmed in my suspicion that they had knowledge of a species of mathe-
matics very different from that which passes current in our time...I seem to recognise
certain traces of this true Mathematics in Pappus and Diophantus...

But my opinion is that these writers then with a sort of low cunning, deplorable
indeed, suppressed this knowledge...

... Finally, there have been certain men of talent who in the present age have
tried to revive this same art. For it seems to be precisely that science known by
the barbarous name of Algebra, if only we could extricate it from that vast array
of numbers and inexplicable figures by which it is overwhelmed, might display the
clearness and simplicity which we imagine ought to exist in a genuineMathematics.

It seems clear that Descartes has Viète in mind in this passage as one
of the ‘men of talent’ who had revived the science of Algebra (so named
by ‘barbarian’ Arabs!). This highlights the importance of the conceptual
steps taken in Viète’s work, giving priority to the algebraic formulation of
problems and describing new algebraic techniques for their solution, thus
preparing the ground for the analytic geometry of Descartes and Fermat we
describe in Chapter 4.

But, quite apart from theoretical efforts to rediscover the ‘lost analysis
of the ancients’, more practical concerns to expedite calculations needed in
navigation, astronomy, commerce and engineering, and to make themmore
widely accessible, were to dominate the search for a unified arithmetical no-
tation that would describe both discrete multiples and continuous magni-
tudes.

In 1585 the Flemish engineer Simon Stevin (1548-1620) published a pam-
phlet De Thiende (The Tenth), quickly translated into French and widely
distributed, which introduced a consistent notation to describe fractions
in terms of negative powers of 10 (tenths, hundredths, thousandths, etc.).
Much aswe think ofminutes and seconds as integers rather than as fractions
of an hour, he avoided Viète’s denominators altogether, writing the familiar
approximation of π to four decimal places as 3(0)1(1)4(2)1(3)6(4), where
the numbers in brackets show the power of 10 by which the previous digit
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should be divided. (Stevin actually used circles rather than brackets.) In cur-
rent notation this is 3.1416.Anticipating ideas developedmore fully byKarl-
Weierstrassand others in the late nineteenth century, he also considered irra-
tionals to be determined by a nested sequence of finite decimal fractions: he
starts with approximations that, respectively, under- and over-estimate the
irrational in question. The distance between such under- and over-estimates
decreases indefinitely as ever better estimates are found. Stevin argued that
in this fashion ‘one approaches the desired value infinitely closely’.

He was explicit in his view that the ancient distinction between multi-
ples and magnitudes was unhelpful and should be abandoned. In another
text published in 1585 (L’arithmétique) he followed through on his view, in-
sisting, among other things, that 1 should be seen as a number (although
he still did not accord the same status to 0, even though he used the symbol
freely and regarded it as ‘le vrai et naturel commencement’ of numbers, just as
a point may be seen as the beginning of a line). He also argued that there
are ‘no absurd, irrational, irregular, inexplicable or surd numbers’, thus placing
all numbers on the ‘number line’ on the same footing. While he accepts neg-
ative numbers, he does not follow Bombelli into the realm of the ‘imaginary’,
to what we now call complex numbers: ‘There are enough legitimate things to
work on without need to get busy on uncertain matter’, he argued.

Although Stevin’s decimal notation was still cumbersome for calcula-
tion, his clear explanation of the principles underlying decimal fractions
made De Thiende very popular. The Scottish landowner John Napier (1550-
1617), now chiefly celebrated for the tables of logarithms he published in
1614, suggested that Stevin’s notation could be improved by the use of a
decimal point or comma. This was quickly taken up. Although the decimal
point, as shown in our 3.1416, had first been used by two associates of Jo-
hannes Kepler in the 1590s, its use became standard in Britain only from 1619,
following the posthumous publication of Napier’s Construction of the Won-
derful Canon of Logarithms, which explained the theoretical underpinnings of
his tables. Inmuch of the rest of Europe, however, the comma becamewidely
used in the same role—perhaps in deference to Viète?—and largely remains
so today!

3.2. Napierian logarithms. The ideas that led to logarithmswere clearly
in the air by 1600. Tables relating powers of 2 to their exponents and show-
ing that multiplication led to addition of the powers had featured in ear-
lier work of Stifel and Chuquet. The Swiss clockmaker Jobst Bürgi (1552-
1632) had independently constructed tables of logarithms, perhaps as early
as 1588, but Napier’s were the first to be published, in his Mirifici logarith-
morum canonis descriptio (Description of the Wonderful Canon of Logarithms) in
1614.

Napier’s system of logarithms was developed principally as a computa-
tional aid, to remove the drudgery from long multiplication and division in
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navigation and astronomy. His basic ideawas to use geometric progressions of
successive powers of a fixed number; that is, 1, x, x2, x3, ..., xn, ... since then
the exponentm+n of the product xmxn = xm+n is the sum of the exponents
of the two numbers being multiplied. In order to produce workable tables,
the initial number should be close to 1; otherwise successive powers of that
number would grow apart too quickly.

Napier decided to use the number 1−10−7 = 0.9999999 as his reference
point. Rather than deal with decimal fractions, he then multiplied integral
powers of this number by 107. Thus the ‘logarithm’ (a term Napier coined
from the Greek words logos (logic) and arithmos (number) respectively) of
the number 107(1 − 10−7)L is given by the exponent L. Therefore L = 1 is
the logarithm of 107(1 − 10−7) = 9, 999, 999 and L = 0 is the logarithm of
107(1− 10−7)0 = 107.

Napier imagined the number 107 as the hypotenuse of a very large right-
angled triangle (‘whole sine’) that provided the starting point for his calcu-
lations.6

He describes the relation between the geometric progression of succes-
sive powers of (1 − 10−7) and the arithmetic progression of the associated
exponents by reference to motion: ‘The logarithme, therefore, of any sine is a
number very neerely expressing the line which increased equally in the meene time
whiles the line of the whole sine decreased proportionally into that sine, both motions
being equal timed and the beginning equally swift.’

We can interpret this by imagining a point moving along a fixed line
of length 107 units. Its velocity at each instance is inversely proportional
to the distance left to travel. Thus, at time 0, the distance remaining is 107

units, at time 1 it is 107(1−10−7), at time 2 the remaining distance is 107(1−
10−7)2, and so forth. The uniform ‘secondmotion’ is then represented by the
passage of time, i.e. 0, 1, 2, ... units, until we reach 107. The two sequences of
numbers are arranged in a two-row table, with the time points forming an
arithmetic progression (here, simply adding 1 at each time) in the first row,
and the corresponding positions of the ‘moving point’ forming the second
row, as a (decreasing) geometric progression.

In terms of modern logarithms we would regard 9, 999, 999 as the base
of the Napierian table, since for Napier the logarithm is 1; however, this con-
cept was not used by Napier. Dividing each term by 107, his geometric pro-
gression has x = 0.999999 < 1, so his arithmetic progression of logarithms
increases while geometric progression decreases. Moreover, his logarithms
do not satisfy the basic identity that ‘the logarithm of the product is the sum

6In Napier’s time the ‘sine’ was seen as a line segment, not as a ratio. For the unit circle in
Figure 18 the lineCB (representingwhat we called the sine) is a half-chord of the circle centred
atA. Similarly, what Napier calls the ’whole sine’ is the radiusAC of a circle whose half-chord
is the ‘sine’CB. Napier spoke of the logarithm of a sine; his principal objective was to simplify
trigonometric calculations.
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of the logarithms’:
log(xy) = log x+ log y.

This is the formula subsequent generations learnt in school over the next
400 years. To see how Napier’s construction differs from that used later, we
write the above logarithms of Napier with a capital L. Now L1 = Log(x)
means that x = 107(1 − 10−7)L1 and similarly for L2 = Log(y). Then xy =
1014(1− 10−7)L1+L2 and we must now divide by 107 to obtain xy

107 = 107(1−
10−7)L1+L2 as the number whose logarithm is L1 + L2. In other words,
Napier’s logarithms follow the rule that

Log(x) + Log(y) = Log(
xy

107
).

Thus using the tables to look up the ‘antilogarithm’ of the sum on the left
yields (for Napier) the antilogarithm of xy

107 instead of that of xy. Although
Napier’s logarithmswere a great improvement on earlier methods andwere
instantly recognised as such, it was clear that there remained room for sim-
plification.

3.3. Briggs’ logarithmic tables. As Napier was nearing the end of his
life, this task was undertaken by the first Savilian professor of geometry in
Oxford, Henry Briggs (1561-1630), who visited Napier in 1615. They agreed
that using powers of 10would be preferable, and decided that Briggs should
create a system where log10 1 = 0 and log10 10 = 1 (since 100 = 1 and
101 = 10).

These became the ‘logarithms to base 10’ tables that were routinely used
for calculation in schools until perhaps forty years ago. The once ubiqui-
tous ‘log books’, containing tables of logarithms of numbers and of trigono-
metric ratios, have now been superseded by electronic calculators, which
school pupils routinely treat as ‘black boxes’ thatmagically produce answers
to complicated calculations, without divulging the method by which they
were found! While the practical benefits of calculators are clear, it remains
to be seen if anything of conceptual or educational value has been lost in
this change.

Briggs’ first tables included logarithms of whole numbers up to 1, 000
as well as logarithms of sines, which were of particular use in astronomi-
cal calculation. Both tables were expanded significantly in his Arithmetica
Logarithmica (1624) which included logarithms of whole numbers from 1 to
20, 000 and from 90, 000 to 100, 000, all to 14 decimal places! The remaining
gaps were filled in by his Belgian publisher Adriaan Vlacq and Ezechiel de
Dekker for the second edition, published in 1629.

The burden of calculation involved in finding these logarithmswas con-
siderable, but the impact of the tables in assisting large calculations in many
practical contexts was immediate and the use of logarithmic tables became
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widespread very rapidly, saving much tedious effort for the next four cen-
turies.

In fact, most logarithms are themselves irrational numbers. To see that,
for example, the common (i.e. Briggsian) logarithm of 2 cannot be rational,
consider the following simple argument. Let us suppose that log10 2 = p

q for
some whole numbers p, q. This would entail that 10

p
q = 2, so that 10p = 2q.

But powers of 10 all have their final digit as 0,while powers of 2 end in 2, 4, 6
or 8. This contradiction shows that log102 cannot be of the form p

q , so it is
not a rational number.

In the sixteenth century irrationals could not really have been regarded
as well understood. However, this fact seems not to have deterred anyone
from recognising logarithms as a spectacularly successful aid to calculation.
Approximation to a fairly small number of decimal places was quite suf-
ficient for all practical applications, and the utility of the new calculation
techniques allowed practitioners to suppress any concerns about the pre-
cise nature of the numbers that were being approximated. Their success
further blurred the Ancient Greek distinction between the discrete and the
continuous, and thus contributed to a broader and more abstract approach
to the concept of number. These developments proved to be a vital precur-
sor to the conceptual revolution begun in the 1630s by René Descartes and
Pierre de Fermat, which is discussed next.




